FUNCTIONAL METHODS AND MODELS IN QUANTUM FIELD THEORY 


H. M. Fried 


This volume is dedicated to the memory of 
Yong Son Jin 

Physicist, gentleman, colleague and friend. 


CONTENTS 


vi 


Preface i x 

List of Abbreviations xi 

PART I: FUNCTIONAL METHODS i 

Chapter 1 

INTRODUCTION 3 

Chapter 2 

THE S-MATRIX AND THE GENERATING FUNCTIONAL 14 

A. The Generating Functional 14 

B. Asymptotic Conditions 17 

C. The S-Matrix 19 

D. A Bremsstrahlung Example 23 

Chapter 3 

CONSTRUCTION OF THE GENERATING FUNCTIONAL 26 

A. The Symanzik Construction 26 

B. The Schwinger Construction 30 

C. Several Interacting Fields 36 

D. Rearrangements/Grouping of Feynman Graphs 42 

E. Fields at the Same Point 49 

Chapter 4 

NONCANONICAL (CHIRAL) GENERALIZATIONS 59 

Chapter 5 

SPECIAL TOPICS IN QUANTUM ELECTRODYNAMICS 68 

A. The Heavy Proton Limit 68 

B. Green’s Function Equations 73 

C. Gauge Transformations and the Ward Identity 77 




Contents 


Vll 


PART II: MODEL APPROXIMATIONS 89 


Chapter 6 

PERTURBATION EXPANSIONS 91 

A. Connectedness and Irreducibility 91 

B. The Bom (Tree Graph) Functional 93 

C. Lowest Order Radiative Corrections 97 

D. Renormalization Procedures 114 

Chapter 7 

SOLUBLE MODELS 119 

A. Two-dimensional Electrodynamics 119 

B. The Thirring Model 125 

C. Neopolitan Models *28 

D. The Lee Model 130 

Chapter 8 

NO-RECOIL METHODS 132 

A. The Bloch-Nordsieck Approximation 132 

B. Soft Photons: Fermion Self-Energy Structure 139 

C. Soft Photons: Cancellation of Infrared 

Divergences 142 

D. Soft Pions 149 

Chapter 9 

RELATIVISTIC EIKONAL PHYSICS 153 

A. Small-Angle Formalism 154 

B. Wide-Angle Approximations 163 

C. Inelastic (Bremsstrahlung) Models 169 

Chapter 10 

SPECULATIONS AT HIGH ENERGY 175 

A. Multiperipheral Field Theory 175 

B. Summing Leading Logs 182 

C. A Limiting Model 194 


THE APPENDIX 


202 



PREFACE 


IX 


The purpose of this slim volume is to present from the 
same, unified point of view a description of the major 
soluble and approximate models of relativistic quantum 
field theory. While the content of realistic field 
theories remains a matter of speculation, it seems to 
be quite clear that an understanding, deeper than phe¬ 
nomenological, of the structure of matter waits upon 
an understanding of the dynamics of interacting fields. 
For this reason alone it is worthwhile to set down 
those results which are known about model theories. 
Considerations of efficiency, together with the anti¬ 
cipation of future usefulness, suggest the employment 
of the beautiful functional methods developed by 
Schwinger, Feynman, Symanzik and many others. 

It should perhaps be stressed that this is not in¬ 
tended to be a small treatise on the quantum theory of 
fields. There are many readable, several excellent, 
such works now available, and there is little point in 
adding another to the list; duplication of readily a- 
vailable material is not desired. The object of these 
remarks is to discuss those models of quantum field 
theory known at present, and to anticipate those to 
come; and with a few omissions this goal can be real¬ 
ized most efficiently with the aid of functional 
methods. 

The level of presentation attempted here is such 
that students familiar with conventional field theore¬ 
tic arguments should find the transition to a function¬ 
al description quite painless, and perhaps even a lit¬ 
tle exciting. Those already familiar with the methods 
may find these remarks helpful as a repository of well- 
known models, together with a collection of useful 
tricks of the functional trade. The latter comprise 
the major portion of the Appendix, while the main part 
of the text is divided into two sections, the first 
dealing with functional preliminaries, and the second 
with the models themselves. 

Most of this material was culled from lectures 
given by the author at Brown University during the aca¬ 
demic years 1965-70. It is both necessary and proper 
that acknowledgment should here be made to those per¬ 
sons from whom, over the previous half-decade, the au¬ 
thor had the opportunity and pleasure of learning both 
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physics and techniques: Professors J. Schwinger, K. 
Symanzik, and B. Zumino. Essentially all of the mate¬ 
rial of Part I has appeared in their published papers 
or unpublished lecture notes during this period. In 
addition, it is most fitting to acknowledge helpful 
and informative conversations with colleagues at Brown 
and elsewhere; thanks are particularly due to Prof. R. 
Blankenbecler for many discussions on topics covered 
in the latter chapters; and to Prof. K. Johnson for a 
reading of the manuscript. In no small measure is the 
author indebted to Prof. S. Drell for extending the 
hospitality of SLAC over several summers, where many 
of the functional applications of Part II were studied; 
and to the A. E. C. for its generous contractual sup¬ 
port of high energy physics at Brown. Special thanks 
are due to Judith Bardsley, of the Engineering Division 
at Brown, for her most efficient and elegant typing of 
the manuscript. 

It may be appropriate to paraphrase the definition 
of a Perfect Seminar given by Prof. F. Bloch during 
one of his superb lectures at Stanford some two decades 
ago: One which begins in so simple a manner that ev¬ 
eryone in the audience understands all of the speaker’s 
remarks, but which gradually becomes more difficult and 
less comprehensible to most of the listeners, until at 
the very end of the lecture not even the speaker under¬ 
stands what he is talking about. Much the same spirit 
governs the presentation of the latter chapters of this 
work, especially the last. Nevertheless, and in spite 
of the avoidance of any mathematical rigor, it is hoped 
that this material will aid in again making field theo¬ 
ry more relevant to experimental physics. 

H. M. Fried 
Brown University 
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The following symbols have been used freely throughout 
the text. 

ETCR 

Equal-time commutation relations 

QED 

Quantum electrodynamics 

CM 

Center-of-mass 

NVM 

Neutral vector meson 
UV 

Ultraviolet 

IR 

Infrared 

LHS 

Left-hand side 
RHS 

Right-hand side 
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INTRODUCTION 



Quantum field theory may be thought of as a theory of 
coupled Green’s functions which, according to some spe¬ 
cific interaction, describe all possible scattering 
ana production processes undergone by particles the 
quanta of the fields under consideration. Operator 
field equations, together with the kinematical restric¬ 
tions of equal time commutation relations, may be used 
to represent the infinite set of coupled equations for 
these functions. From knowledge of these Green's func¬ 
tions one may pass, by the process of renormalization, 
to a description of the interacting particles of the 
particular theory under consideration. 

The objective of any field theory is a description 
ot particles, given in terms of a set of underlying 
basic fields. The reason for this indirect approach 
is that physical quantities, such as energy and angu¬ 
lar momentum, conserved during the entire course of 
any interaction involving annihilation, scattering and 
production of particles, are far more readily described 
m terms of fields than in terms of the particles them¬ 
selves. This situation arises from the admixture of 
quantum mechanics with relativity: any description of 
a system over a finite time interval At necessarily 
involves an uncertainty in the energy of that system, 
of amount AE * h/At; and since AE may be interpreted 
c Am = c mAn, where m denotes the mass of an ap¬ 
propriate particle and An measures the number of such 
particles, the shorter the time interval the larger the 
number of virtual particles which must be included. 

nation^wh hG Variables can be grouped into combi¬ 

nations whose conservation may be simply exhibited at 

all times, while the identification of these conserved 

quantities m terms of particle properties is performed 

asymptotically. These ideas have been emphasized with 

dill* PerSU rr ne i S by Schwin ger, over the past two 
decades and they form the conceptual foundation for 
essentially all the material to follow. 

In practice, mathematical complexities have preven¬ 
tions^ ° f this .P r °gram in realistic situ¬ 

ations. Thus, the restriction to perturbation approx- 
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imations contains the tacit assignment of one field to 
each particle. Non-perturbative methods are clearly 
indicated as a proper, if not imperative, subject for 
intensive study, and one step in that direction is the 
examination of the known approximate, or model, field 
theories. Perhaps the most efficient way of display¬ 
ing both the complexities of the problem and the small 
amount of understanding gleaned from the soluble models, 
is with the aid of functional methods. These methods, 
at least in the context employed here, may be consid¬ 
ered as providing a realization of the coupled Green's 
function equations, in the sense that the latter may 
be reconstructed from the formal functional solutions 
exhibited for any given interaction. In addition, 
there are many non-perturbative approximations, par¬ 
tial sums of limited Feynman graphs corresponding to 
models of various sorts, which are suggested by the 
formalism, and which one can attempt to apply to 
various physical situations. 

The initial step is the specification of a Lagran- 
gian. One can then follow Schwinger 1 and adopt a sin¬ 
gle quantum-mechanical action principle to obtain, in 
essence, differential equations for desired amplitudes; 
or one can follow Feynman 2 and write the integral form 
of Schwinger's action principle in terms of functional 
integrals; or one may follow Symanzik's procedure of 
constructing a generating functional from the sepa¬ 
rately stated field equations and equal time commuta¬ 
tion relations. Essentially this latter route will be 
taken here, although the final expressions will resem¬ 
ble Schwinger's and can easily be cast into Feynman's 
form A very brief discussion of the action principle 
formalism, which does not nearly do justice to the 
clarity and beauty of the original presentation, will 
be included in order to permit a comparison of the 
results of these different approaches. 

It will be useful to group together certain well- 
known properties of free boson and fermion fields, for 
use in subsequent chapters. Individual field equations 
which result from the variation of specific Lagrangians 
will be written when needed. A more complete discus¬ 
sion of Lagrangians and their variations may be found 
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in numerous texts; 14 only those few points directly 

relevant to the functional procedures will be employed 
here. • 

The simplest example is that of the scalar boson 

free-field, which satisfies the Klein-Gordon field 
equation 5 


(m 2 -3 2 )A(x) = U(x) = o, 

and the equal time commutation relations 


[A(x),A(y)] 


x =y 
o 7 o 



[A (x) ,A(y)] 


x =y 
o 7 o 




(i.i) 


( 1 . 2 ) 

(1.3) 


The same equal time commutation relations will also be 
assumed for the interacting (unrenormalized) fields. 6 
The reason for this is that such relations are basi¬ 
cally kinematical statements, giving the fundamental 
second-quantization rule between generalized coordi¬ 
nates and momenta. The motion of that particle of 
mass m, associated with the free field A, is de¬ 
scribed by the causal propagator 

A c (x-y) = i<(A(x)A(y)) 4 > (i. 4a ) 


(2tt) 


-4 


d*k 


ik-x 


(k 2 +u 2 -ie) 


-1 


c-K)+ 


d.4b) 



where <•••> denotes vacuum expectation value, and 
( )+ refers to a time ordering of the operators, the 
latest standing to the left. The simplest method of 
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obtaining this dependence, which will be useful in 
subsequent manipulations, is to take advantage of the 
possibility of decomposing a free-field operator into 
a sum of positive and negative frequency parts, 

A(x) = A (+) (x) + A (_) (x), 


A (+) W = (2i.)' 3/2 d 3 k(2u)* 1/2 a(k)e 


ik *r-iu)X 



(27V) 


-3/2 


, -ikT+iwx 

d 3 k( 2 u>)' 1/2 a + (£)e 


where ui = [k 2 +w 2 ]^ 2 , and the destruction (a(k)) and 

creation (a + (£)) operators satisfy the commutation 
relations 

[a(k),a(k')] = [a (k) ,a + Ck') ] " «(k-k'). 


Hence, the commutators 

[A (+ h*) ,A ( ’hy)l 5 i& (+) (x-y) 5 hy-*) 


are c-numbers, with the value 



(x) = ♦ i(2ir) 



d‘ , k6(k 2 +u 2 )8(+k o )e lk ’ X 


(1.5) 


( 1 . 6 ) 


where k-x = k-r-k Q x o and 0(i) = 1 f°r z > 0, and 

= 0 for z < 0, . 

Because their Fourier transforms are on the mass 

shell, that is, are proportional to 6(k j, both 

satisfy the homogeneous Klein-Gordon equation 
(1.1), as do their frequently convenient linear combi 

nations 

A(x) = A ( + h*) ♦ '(*) 


and 
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- i4 ( l)W = i (+) (x) - 

It should be noted that 4(x) vanishes for spacelike 
values of its argument, which is the statement of mi- 
croscopic causality for the operator fields. 

Solutions of the inhomogeneous Klein-Gordon equa¬ 
tion, ^ 


(-) 


(w 2 -8 2 )A c (x) = 6 4 (x), 


(1.7) 


W 


may be constructed out of A'*' using the definition 
(1.4), equivalent to the relation 


(♦) 


4 C (X) = -e(x o )A^(x) + 6(-X o )4 ( ' ) (x). 


(1.8a) 


There are four such solutions to (1.7), denoted by 
V A c’ V V and described as the causal, anti- 
causal, retarded and advanced Green’s functions, re¬ 
spectively. These functions differ fundamentally in 
their asymptotic (in time) properties, as is easily 
seen in terms of the definitions (1.8a) and 


= - -0Cx o )A ( ’ ) (x) ♦ 0(-x n )A M (xJ, (1.8b) 


(♦) 


A R (X) = -9(x o )4(x), 
A a (x) = +9(-x )A(x), 


(1.8c) 


(1.8d) 


while the limitation to four such solutions is perhaps 

seen most easily from the corresponding Fourier trans- 
forms of these functions; 

A c (k) = (k 2 +u 2 -ie)' i .. as in (1.4a), 


A-(k) = 

* (k 2 +u 2 -ie-e(k ))"h 
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A A (k) = (k 2 *p 2 +ie*e(k o )) 


with c(k o ) = 0 (k Q ) - 

In a similar fashion, the field equation and commu¬ 
tation relations for the electromagnetic four-vector 
potential (in the Feynman gauge) may be taken to be 
those given above if an extra factor of 6 yv is appen¬ 
ded to the right-hand side of each expression, m order 
to match the replacement A -*■ A^. This carries with 
it the well known restrictions of indefinite metric; 
but all of our subsequent electrodynamic Green’s func¬ 
tions will be generalized to arbitrary relativistic 
gauges, could have been written down m the fundamen¬ 
tal radiation gauge, and hence this substitution is 
just a simplifying artifice. The point is that one 
may avoid introducing the indefinite metric, wmc 
corresponds to a change in the ground rules of quantum 
mechanics, by remaining within the radiation gauge, 
where one has a gauge invariant process of second quan¬ 
tization, with multipoint Green's functions whose prop¬ 
erties follow from radiation gauge operators. Lorentz 
covariance is not explicit, but may be demonstrated by 
adjoining operator gauge transformations to every Lor- 
entz transformation. For the calculation of physical 
effects, it is far simpler to first make a transforma¬ 
tion out of the radiation gauge and into one of the 
relativistic gauges, and to perform one’s computat lons 
there. In particular, one could go to the 
pauee which is just where one would arrive by taking 
the 8 simpler'route of quantization by indefinite metrxc. 

Useful statements for free Fermion fields ar~ the 

Dirac equations, 


V \Kx) = H(x) = 0 

x A 


(1.9a) 


\p(x)V = iKx)(m-v$ x ) = °* 

and the equal time anticommutation relations 
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{ ^a W ’V y)) 


x =y 
o 'o 


Y^Cx-y), 


(1.10a) 


U a ( x ),* B (y)} 


x =y ' (+ a W.* B W> 
o o 


x -y 
o 'o 


0. (1.10b) 


Equations (1.10) will also be assumed for the interac¬ 
ting fermion fields. 6 The causal propagator for a 
free fermion of mass m may be written as 


S c (x-y) = i<(\Kx)i|;(y)) if > 

= (m-y9 x )A c (x-y;m 2 ), 


(1.11a) 

(1.11b) 


where the symbol ( ) + now includes an extra factor 

(-1) P , with P representing the number of permuta¬ 
tions of the fermion fields from the ordering dis¬ 
played. Explicit forms for (1.11) follow from (1.4). 

Just as in the boson case, one may split the free 
fermion fields into positive and negative frequency 

parts, ^ ^ = with the 

representations 


<Kx) = (2 tt) 


-3/2 


2 

l 

s=l 




Vp) 


+ dpp)e’ ip x v (p)) 

5 5 


<K*) 


s 



d 3 p[|] 1/2 (blc5)e- ip - x Up) 


+ d s (p)e ip ' X v s (p)}, 

where E = [pW] 1/2 , p-x > p-?-Ex o and 'a = u\ 4 , 

0 = u + y„. The b (p) and b*(p) are destruction and 
4 s 5 




Chapter One 


10 


creation operators for fermions of spin index s and 

momentum p, while d (p) and d^(p) play the corre- 

sponding role for the antifermions. The spinors 

u a (p) and v a (p) satisfy the normalization conditions 
3 3 

l i“(p)u“,(p) - « ss ,, 

a 

l 0“(p)w“,(p) - -« ss ,, (1.12) 

a 

I ““(P)v“, (p) = 

a 

with the sum running over the four values of the Dirac 
component index a; and they also possess the closure 
properties 

2 

4 aa- = l ( P> ' V s ( P )0 s (P)) - [1 ' 13) 

s=l 

(•+•) 

Both solutions S to the homogeneous Dirac equa¬ 
tion, as well as all four solutions S , S-, S D , S. 

to the inhomogeneous Dirac equation can be represented 
most succinctly by the relation (1.11b), with each 
fermion function given by the application of (m-y*9) 
to the corresponding boson function. 

From the input information of field equations plus 
equal time commutation or anticommutation relations, 
one may construct formal solutions for the variety of 
time-ordered n-point Green's functions, 

< (^(x 1 )-*^(x £ )i(y i )---^(y m )A(z 1 )«-*A(z p )) + >. (1.14) 

The boson fields appearing in (1.14) are assumed tc 
commute with all fermion fields at equal times; two or 
more kinematically independent fermion fields will be 
assumed to anticommute at equal times. Each of these 
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n-point functions is, by virtue of translational in¬ 
variance, a function of n-1 coordinate differences. 
For n = 2 one builds the propagators, the dressed 
generalizations of (1.4) and ( 1 . 11 ), whose behavior 
for large values of coordinate separation yields infor¬ 
mation about the excitations, or quanta, of the coupled 
fields. Scattering and production of these particles 
are described by the amputated, mass shell, Fourier 
transforms of those Green's functions with n = 4 and 
n > 5, respectively, while the vertex function, n = 3 

plays an important role in the evaluation of these 
quantities. 

Elaboration and illustration of these remarks will 
be made within the context of the various soluble mod¬ 
els and approximations, but it may be useful to comment 
on the most striking aspect of any such theory of in¬ 
teracting fields: one finds, in general, a change in 
the mass and coupling parameters, m and g origi¬ 
nally introduced in the Lagrangian. If a given field 
is to have associated with it a particle of mass m, 
the dressed propagator of that field will have, in mo¬ 
mentum space, a pole at m 2 , where m ^ m Q , together 
with a nonzero residue, Z, at that pole. Such Z-fac- 
tors, the wave function renormalization constants, com¬ 
bine multiplicatively with g , and with related con¬ 
stants, to provide a renormalized coupling constant, g; 
and all physical effects are then to be expressed in 
terms of m and g. Because of our present inability 
to solve, or to approximate in a satisfactory way, the 
coupled Green's function equations, one assumes that 
solutions exist which do correspond to finite, physical 
masses and measured coupling constants, and one then 
proceeds to calculate fluctuation effects in terms of 
such physical parameters. 

Renormalizable theories are characterized by pertur¬ 
bative expansions whose degree of divergence does not 
increase with the order of the expansion, and converse¬ 
ly for nonrenormalizable theories; in the former case, 
all divergences can be absorbed in the transition from 

m o and S 0 t0 m ^ g * It; is not kno ^n, at pres¬ 
ent, whether the bare parameters are really infinite, 
as suggested by the perturbation approximations, or if 
such divergences are due to that method of calculation. 
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In order to treat strongly interacting particles, 
nonperturbative approximations to the coupled field 
equations are clearly necessary; arid here one is at a 
conceptual disadvantage compared to the perturbative 
case where one certainly expects the simplest or lowest 
order approximation to yield the dominant contribution 
to any physical effect so calculated. One must always 
specify a parameter which is to be treated as small 
when defining an approximation, and to do this one 
should have an at least intuitive understanding of 
which quantities are "large” and which are not. For¬ 
tunately, there is a large and growing body of litera¬ 
ture and experiments which suggest that the eikonal 
models of Part II act as a first approximation, provid¬ 
ing a qualitative field theoretic description of some 
very high energy particle processes. 


Notes 

1. J. Schwinger, Proc. Nat. Acad, of Sciences (USA), 
37, 452 (1951); and Harvard Lectures (1954). 


2. R. P. Feynman and A. R. Hibbs, Quantum Mechanics and 
Path Integrals, McGraw-Hill Book Company (New York: 
1965). 


3. K. Symanzik, Z. Naturforschung, 9a, 10 (1954), 809. 

4. S. Schweber, An Introduction to Relativistic Quantum 
Field Theory , Row-Peterson 6 Co. (New York: 1961); N. 
N. Boguliubov and D. V. Shirkov, Introduction to the 
Theory of Quantized Fields , Interscience Publishers, 
Inc. "(New York: 1959); J. Bjorken and S. Drell, Rela¬ 
tivistic Quantum Fields, McGraw-Hill Book Company 

(New York: 1965). 

5. The relativistic notation used throughout is such 
that 

a^ = (a,ia Q ), a • b * a e b - & 0 ^ 0 » - 3 2 * 
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\ = (Y y-\ } = 2 ^ U ' 

6. It is not at all clear that these ETCR apply to the 
interacting situation. Equations for the propagator 
of every fully-interacting field, constructed in part 
from the assumptions (1.3) and (1.10), must have solu¬ 
tions which display asymptotic properties consistent 
with these assumptions. For example, one expects the 

behavior of [A(x,t) ,A(y ,0) ] as t -*• 0 to be charac¬ 
terized by eigenstates of the total Hamiltonian with 
asymptotically large eigenvalues. For nonrelativistic 
systems, these states are the same as those of the 
free-field Hamiltonian, and hence there is no incon¬ 
sistency in the use of the same ETCR. In an interact¬ 
ing, relativistic field theory, the possibility always 
remains that the behavior of such quantities as t 
vanishes is different from that originally assumed and 
expected, and one can have little confidence in assump¬ 
tions concerning Green's functions of asymptotic momen¬ 
ta. The author is indebted to Professor K. Johnson 
for a discussion of this point. 
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THE GENERATING FUNCTIONAL AND THE S-MATRIX 


The probability amplitudes, or S-matrix elements, 
which describe transitions between states of physical 
systems can be presented in the form of certain mass 
shell operations upon appropriate multipoint Green's 
functions, (1.14). The latter can be most succinctly 
obtained from a generating functional, which will, in 
turn, permit the so-called reduction formulae of the 
S-matrix to be exhibited in a clear and compact way. 


A. The Generating Functional 

It is simplest to begin by considering 1 a scalar, her- 

mitian, boson field A(x); the generalization to other 

fields may easily be performed at a later stage. A 

"generating functional operator," labeled by two space 

like surfaces a and a. , is defined by 

a b 



( 2 . 1 ) 


where J?jA = I a d\j(x)A(x), with j (x) denoting an 


a .4 


arbitrary, c-number source function. The surfaces 
a , may be thought of as flat time-cuts, in which 

a » b - rt 


case the integral of (2.1) becomes 


d "x 


dtj (x)A(x) 


where the volume integral is understood to extend over 
all space, and where t a > t b> The time ordering pre¬ 
scription of (2.1) means that every term in the expan¬ 
sion of the exponential is to be arranged so that the 
later operators stand to the left. (Ordered exponen¬ 
tials are discussed in some detail in Appendix A.) 


The functional derivative (Appendix B) of 
given by 



is 
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, g i/ujA 

WT {i, = i (A(x)e b 

(2.2) 

§ £ 

= iT A A(x)T u 

(2.3) 


if the point x lies on a space-like surface between 
o a and (or if t & > x q > t b ), and is zero other¬ 

wise. Equation (2.3) is a sometimes useful way of 
expressing the ordering requirements of (2.2). 

Variations of T* 3 due to an infinitesimal change 
of the surface a about the point x , may be writ¬ 
ten in the form a 



i/jjA 

i6o(x a )-j(x a )(A(x a )e ) + , 


or 

a 

6T* 3 

6o(x a ) 


a 

ij ( x a ) A (x a )T b , 


(2.4) 


where the second line of (2.4) follows from (2.3) and 


the property 
small variation 


7^ = 
of 



Repeating these steps for a 
about the point y & yields 


6 

< 5 o(y a ) 


6o(x a ) 



a 

i 2 j( x a )j(y a )A(x a )A(y a )T b . 


(2.5) 


Had these variations been performed first at y a and 
then at x a , the result would have been (2.5) with the 
labels interchanges; hence, the difference of these 
procedures gives 


6o(x a ) ' 6o(y & 


OB U 


i 2 J(x a )j(y a )[A(x ),A(y JIT**. 

( 2 . 6 ) 
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If the points x , y are on the same space-like sur¬ 
face, as assumed^ thi left side of (2.6) must vanish, 
and this means that the commutator |A(x),A(y)] must 
vanish spacelike. Thus, microcausality is a necessary 

condition for the integrability of T^. 


J+ 

The adjoint functional operator T° may be written 


as 


T b+ {j > - (e' iJbjA ).. 

where ( ) denotes a reversed time ordered bracket. 

With (2.7), it is simple to demonstrate that is a 

unitary operator, which property is essential if the 

S-matrix is to be expressed in terms of T . Because 
one has, immediately, 


6o(x a ) 


a-j- a 

(T b T*) = 0, 


( 2 . 8 ) 


the combination T b T b is independent of o a ; hence 
it can be evaluated at any o a , in particular 

which provides the relation T b+ T b =1. By consider¬ 
ing vacations of a point on the surface one may 

prove in the same manner that T • -1, which com 

Dletes the demonstration of unitanty. The greater 
Sart of the considerations to follow shall be concernea 
with that operator obtained by letting the space-like 
surfaces o[ and o, recede + to - and respec¬ 


tively, andthis quantity, T‘", will be written simply 

35 The usefulness of T{j> is that it permits one to 
t i nroducts of time-ordered operators, by 
performing*^ 1 suitable*number of functional differentia¬ 
ls™ respect to the source J (x), and then set- 
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ting the source equal to zero. Only the vacuum expec¬ 
tation values of such products are actually needed, 
and for this one defines the generating functional 
Z{j} = <T{j}>. More generally, one should include 
other fields in T and 1 in order to be able to 
construct n-point Green's functions of the form of 
(1.14). Fermions may be introduced with the aid of 
anticommuting c-number sources, n 9 (x), n g (y), which 
anticommute with themselves and all fermion fields 
4s In contrast to the natural property valid for 
the boson sources, 

. j(y)] = S(x-y), (2.9) 

the fermion sources are to satisfy 2 


fed ’ V y) } - fejrdT ■ V y) } = f 2 - 10 ^ 

a v J 

with all other combinations anticommuting. 




0 . ( 2 . 11 ) 


Then, functional differentiation of the generating 
functional operator 

nj.n.n) * (e i /n A W*]) + (2 . 12 ) 

will produce the products (1.14) with the correct 
change of sign under fermion permutation, as in (1.11). 
The complete generating functional for scalar bosons 
and fermions is then taken as Z{j,n,n) = <T{j,n,n)>. 

B. Asymptotic Conditions 

As yet nothing has been said about the nature of the 
interaction coupling the fields A and since it 

is only necessary to assume that particle-like solu- 
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tions exist to the coupled Green's function equations 
in order to define the S-matrix. It shall be here as¬ 
sumed that the Fourier transforms of both fermion and 
boson propagators have, as a function of their appro¬ 
priate invariant variable, a single pole occurring at 
the appropriate physical masses, with residues 
and Z , respectively. An equivalent physical state¬ 
ment is that, in the remote past and future, one is 
dealing with particles sufficiently separated to be 
essentially noninteracting; and this suggests that the 
fields of interest can, in such asymptotic regions, be 
replaced by free fields describing free particles car¬ 
rying their observed, physical masses. These are the 
IN- and OUT- fields of Yang and Feldman, which are 
conventionally related to the asymptotic unrenormal¬ 
ized field operators by the postulates of the weak 
asymptotic condition," 


lira [<a|A(x)|b> 

-CO 
+ CD 

lim [<a|\(/(x) |b> 


- /zj <a|A IN (X) 

|b>] = 0, 

(2.13a) 

OUT 



- Jl~ <a|v IN (x) 

ib>] = 0, 

(2.13b) 

OUT 




where |a>, |b> are arbitrary, time-independent states 
of the system under consideration, specified by the 
sets of quantum numbers a,b. Unless otherwise noted, 
we shall always use a complete set of IN-particle 
states, |a> = |a> IN ; in particular, the vacuum state 

used to define Z{j,n,n) is constructed with the IN- 

These states are construe- 


vacuum state, - - i~ tu- ----- - , 

ted in terms of Fourie* transforms of produces of 
A operators acting upon the vacuum states [0> IN , 
IN 0UT 

with the latter defined by the limiting operations of 
time-dependent (Schroedinger picture; states, 


> = 0 > 



IN- 

OUT 


lim 10,t>, 
t + 


(2.14) 


- CD 
4-oo 
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with all external c-number sources set equal to zero. 
Equation (2.13) must be written as a relation between 
matrix elements in order to prevent the contradiction 
which would appear if a strong asymptotic condition 
were assumed; by the latter statement one means an op¬ 
erator relation such as lim [A(x) - /z7 A (x)] = 0, 

t -* -oo 5 In - j 

which has,, as an immediate consequence (Appendix C), 
the incorrect relation Z = 1, as for free fields. 

The presence of the Z 2 ^ in (2.13) is a reflection 
of the self-interaction'which the particles must under¬ 
go, even when they are sufficiently separated so that 
there is little interaction between them; and it is 
the removal of these factors, along with a mass shift 
generated by the same self-interaction, which corre¬ 
sponds to the process of renormalization. Another and 
somewhat more convenient way of writing (2.13) is in 
the form 


A(x) = /Zj A in (x) «■ 

OUT 


d 4 yA R (x-y)K y A(y), 
A 


(2.15) 


with (2.15) always to be understood as a relation 
between matrix elements. 


C. The S-Matrix 

Conventionally defined as that unitary operator which 
transforms IN states and operators into OUT states and 
operators, 

^OUT^^O ~ S i ^jj s r( x )S (2.16a) 



(2.16b) 


matrix elements of this operator are interpreted as 
the probability amplitude for a system originally in a 
state labeled by quantum numbers a at t = -« to 
end up in a state labeled by quantum numbers b at 

' = S ba 5 OUT <b l a> IN = IN <b l S l a> IN‘ In tbe 

Schwinger formalism (3.B), one constructs matrix ele- 
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merits of asymptotic particle states by functional dif 
ferentiation of < 0,t 1 |°,t 2 > with res P ect t0 (re " 

normalized) sources of corresponding asymptotic argu¬ 
ments, subsequently taking the limit of zero source 


strength; and one finds, in effect, that 

is equivalent to 

-+■ +oo n 


lim <b,t 1 |a,t 2 > 


OUT 


<b a> 


IN 


-► -00 


for arbitrary states a_,b. 

Because the and are t0 the 

same free field equations of motion, and are to have 
the same equal-time commutation relations, one infers 
the existence of a unitary transformation connecting 
them, as in (2.16a), an inference which could be proven 
were there but a finite number of degrees of freedom in 
the problem. We shall here assume (2.16) for both bo¬ 
son and fermion IN- and OUT- fields, and for the states 
constructed from them. 

To demonstrate the connection between the S-matrix 
and the multipoint Green’s functions obtained by func¬ 
tional differentiation of Z, it is simplest to consi¬ 
der first the case of a single scalar boson field, and 
its corresponding generating operator T{j). From 
(2.3) there follows the relation 


6 T 

6j (x) 


iT x A(x)r", 


(2.17) 


and from (2.13) 
.. r 6T 

lim [ «Too" 

x o 


X 


lim [ 

-¥ 4-00 


6 T 

6j (x) 


lT/z^ a in W1 * ° ! 

i/T z AoutWT] = 0, 


(2.18a) 


( 2 . 18 b) 


o 

again to be understood as relations between matrix ele¬ 
ments. Statements equivalent to (2.18) may be written 
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in the form of (2.15), 
6T 


<5j (x) 


= i/Z^ 7 A in (x) ♦ 


67 


6TUT * 


67 


- * d 4 y, 


fij(x) = l/ ^3 A OUT (x)T * j V X ' y)K y 6j(y) 

and the difference of this last pair yields the 
tion 


(2.19a) 

(2.19b) 

rela- 


’'h ( a outW t - Ta i N W) = i l dl,y ' i(x ' y)K y «TTyT ' (2-20) 

Multiplying both sides of (2.20) by S, and introduc- 
ing (2.16a), one obtains the equation 

[A in (x),ST] = iz 3 % jd 4 y-A(x-y)K y (ST), (2.21) 


which must be satisfied by the combination S7{j). 

At this stage it is useful to define the normal- or 


Wiek-ordered exponential, 




where f 

rA IN 

of A^/ with 
ify (Appendix 


= Jd 4 zA T ( ^(z)f(z). 


(-) 


IN 

is a c-number 
D) the relation 


Since the commutator 
, one may easily ver- 



(x),:e 






( 2 . 22 ) 


and a comparison with (2.21) then suggests the form 4 



(2.23) 


It should perhaps be emphasized that the Klein-Gordon 
operator K y in (2.23) is to act upon the coordinate 
freed by the functional differentiation operator 
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6/<5j(y), and not backwards upon (which would 

give just zero). Because of the special property 

I A TK f 

<:e :> = 1, it follows that F{j) = <ST{j}>. Fur¬ 

ther, if there are no external fields present, the OUT- 
vacuum state, QUT < 0| = IN <0 I S » is physically indistin¬ 
guishable from the IN-vacuum state, which means that 
the two can differ only by a phase, OUT <0 ! = e IN <0 ^ 

with $ a real (and usually infinite) number. If, 
however, one is dealing with a situation in which it 

ext 

is convenient to introduce an external field A , 

e xt 

produced by an external current J with Fourier 
components capable of creating particles (e.g., a radio 
antenna), then the OUT-vacuum will receive contribu¬ 
tions from all the IN-states, and the vacuum expecta¬ 
tion value of the S-matrix is not simply a phase fac¬ 
tor. In this case it is appropriate to generalize the 

previous definition of Z to <S>Z{j,J } = <ST> for 
this turns out to be the quantity directly calculable 
from the field equations and equal time commutation re¬ 
lations. In the absence of external fields, the phase 
factor is frequently omitted, since it contributes 
nothing to the calculation of cross sections; but it 
is just as easy to handle the general situation by 
writing 




rrT ext,^ 
= <S{J }> 


/a 7K] k ~ 

•' IN 5j . 


ext 


Z(j ,J ) 


j = 0> 


(2.24) 


where the nonextemal sources j (x) are to be set 
equal to zero after the functional differentiation op¬ 
erations of (2.24) have been performed; with this gen¬ 
eralized reduction formula one exhibits the S-matrix 
in terms of Kick-ordered A JN fields and associated 

operations upon the generating functional. When fer¬ 
mions are included, the entire analysis goes through 
in a similar manner, with the result 
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<S> 


= : e 


<5j 


IN 6 n 6n 


IN 


:Z{j,n,n) 
(2.25) 


with the artificial sources j,n,n set equal to zero 

after all the functional differentiations have been 
performed. 


D. A Brcmsstrahlung Example 

In a perturbation expansion of the S-matrix, the Z 
factors of (2.25) are absorbed into the definition 
of the renormalized charge, and do not appear in the 
probabilities for any physical process; this is briefly 
discussed in Chapter 6, after simple radiative correc¬ 
tions to the n-point Green's functions are described. 

A useful example of the way in which this reduction 
formula may be employed occurs in the process of multi¬ 
ple Bremstrahlung. The simplest such exercise is to 
calculate the probability amplitude for the emission 
of n photons when an electron is scattered by an ex¬ 
ternal field; the resolution of the infrared difficul¬ 
ties of this canonical problem, while of fundamental 
importance to quantum electrodynamics, has provided 
the arithmetic structures appropriate to subsequent 
relativistic eikonal formulations. One requires the 
S-matrix element 


<P f ,s';k } 



(k x ); 


n* u 


n 


(k n )|s 


p,s> 


(2.26) 


wnere p,s and p',s' denote the initial and final 
electron momenta and spins, and the k- with polariza¬ 
tion indices e describe the emitted photons« 

The states are represented by 
|p,s> = b*(p)|j> 


and 


(2.27a) 




<n . s .. k E - k ,c I = — e Ck,)•••£„ (k )<b , (p’) 

<P - s ’V E 1’ V n 1 % n 5 

• a (k.)***a (k ), (2.27b) 

Wi 1 w n n 

and these IN-field operators are to be commuted through 
the Wick-ordered brackets of (2.25). Each time this 
occurs, the factors 




(2.28a) 


and 

l 

a, 8 
and 


d 4 x^b t (p»),^ N (x*)3(^ x ,) o6 


(2.28b) 


6n e (x') 


- I K*^^*WO x) ’ b+ s (p)1 — 

a,8 a 

will appear, with the functional derivatives grating 
upon the generating functional. From C2.28) and the 
free-particle commutation and anticommutation rel 
tions, one easily obtains for (2.26) 

-(21.) 2 (n } -7=1 V (k l ) *"^ £ n„ (k n )[ EE rl% ' 


(2.28c) 


VnT w 1 "l 


“n n 


• [2ta> 1 *• * 2 « n ] - ** d 4 x'e' ip X u“, (p')(^ x .) a . B . 


• jd-xe 1 *' X a6 ^ (P) • <S> • |d*i • • • | dz n e 

< 


-itk^i—-v n ). 
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(2.29) 


From this one sees that the passage from generating 
functional to S-matrix element involves the calcula¬ 
tion of n ♦ 2 functional derivatives of Z, the op¬ 
eration upon this quantity with Klein-Gordon or Dirac 
operator, as appropriate, and finally, the Fourier 
transform of all configuration space dependence in 
terms of the appropriate mass shell momenta; these 
last two steps are frequently referred to as mass 
shell amputation. In order to proceed, one must next 
exhibit the generating functional in its dependence 
upon all the sources. 


Notes 

1. The discussion of this section follows that given 
by K. Symanzik, Lectures at UCLA, 1960. 

2. J. Schwinger, Harvard Lectures (1954). 

3. C. N. Yang and D. Feldman, Phys. Rev., 79, 972 

(1950). _ 

4. In this way, Wick's theorem (G. C. Wick, Phys. Rev., 
80, 268 (1950)) becomes a simple statement concerning 
the normal ordering of an exponential functional 
operator. 
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CONSTRUCTION OF THE GENERATING FUNCTIONAL 


In this chapter, two different methods of constructing 
the generating functional will be given and extended 
to several interacting fields, with some care taken in 
the definition of products of fields appearing at the 
same space-time point. 

A. The Symanzik Construction 

The simplest situation deals with the self-interaction 
of a single, spinless, boson, scalar, Hermitian field 
A(x). The problem is defined by variation of the 
Lagrangian density L, where L = ♦ L' » and 

L « - Y [u 2 A 2 + l (3 A) 2 ]. (3.1) 

P 

L' = - £-7- A n (x). ( 5 - 2 ) 

nl 

Here L Q denotes the canonical, noninteracting part of 
the Lagrangian, in terms of the unrenormalized boson 
mass p, while L' denotes the interaction part of the 
Lagrangian, proportional to the unrenormalized charge, 
or coupling constant, g. For n = 3, one has the so- 
called Ward, Hurst, Thirring model, with structure re¬ 
sembling that of QED. For any odd n > 3, however, the 
particle states do not exhibit a lower bound to the 
Hamiltonian (Appendix E) , and hence such theories can¬ 
not be taken seriously. Further, for n > 5 in four¬ 
dimensional space-time, such theories are nonrenormali- 
zable. Products of field operators at the same point 
are notoriously singular objects, and proper defini¬ 
tions must be supplied in each case. 

The field equation resulting from the variation or 

i is 


K A (x) 
x 




(n-l)l 



* 

1 




which, together with the assumed ETCR (1.2), (1.3), 
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will be used to construct Z{j}. One has, from (2.1) 
and (2.3), ' 


1 6 
i 6j(x) 


00 

-X 


X 

• oo 


Z = < T- A(x) • T >. 


(3.4) 


and hence 


1 6 7 T x 

Z = <T • K A(x) • r > 


x i 6j(x) 


00 


♦ 3* <T X ■ A(x) • T“°°> 


- < 


00 

-X 


T • 32 A(x) • r">. 


(3.5) 


The first term on the RHS of (3.5) is given by (3.3) as 


g 


00 


(n-l)I 


<t x • A n_1 ( X ) . r m > = - —£ 


(n-1)! 


1 


i 6j(x)J 


n-1 


(3.6) 


\>nile the remaining terms may be evaluated with the 
aid of the ETCR to give 


-l 


00 


d 3 x'j(x\x o ) <T X . [A(J',x o ),3 o A(mJ] • r”> 


°D ^ 

* j(*) <T X • T~ e °> = j(x)Z. 


(3.7) 


Combining (3.6) and (3.7) one obtains the functional 
differential eouation 


K 


1 


x i 6 j(x) 


T 2 = j(x)Z - 


(n-1)! 


U «j(x)j 


n-1 


Zr (3.8) 


In order to solve (3.8), consider first the special 
case of free-fields, g = 0; then (3.8) is simplified to 
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K iyrfr Z (0) = j(x)Z 

X 1 63 (X) 


(O) 


(3.9) 


which form suggests the ansatz 
Z^{j) = exp ft{j), 

and the necessary side condition ft(0) * 0. This form 
substituted into (3.9) yields the differential equation 


K i 


x i 63 (x) 


ft = j( x )» 


with solution 


63 (x) 


ft = i 


A c (x-x')j (x')d 4 x’ 


(3.10) 


In (3.10) the causal Green’s function has been written 
as the appropriate solution of the inhomogeneous K-G 
equation, because Z is defined in terms of time or¬ 
dered operators, 

—= i 2 <(A(x)A(y)) + > . 

6 j(x) My) |o 

It is not difficult to show that translational invari¬ 
ance (here the statement that <A(x)> = <A( 0 )>) rules 
out, for massive fields, the addition of an arbitrary 
solution of the homogeneous K-G equation to the RHS of 
( 3 . 10 ); and hence the free-field generating functional 

is given by 

z^ 0 ) {j) = exp i jjd-xd 4 yj (x)A c (x-y)j(y). ( 3 - n) 

a form which will be abbreviated in all of the follow¬ 
ing by exp[i JjA c j]. Note that the factor of 1/2 
arises because Ajz) is an even function of its 

^Incidentally, (3.11) and the lero-extemal field 
as^totic condition (2.24), which is trivially true 
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for free fields, permit one to derive an occasionally 
U (of Ul Statement relatin 8 the time-ordered functional 

T (j) to the related Wick-ordered quantity. Writ¬ 
ing (2.23) with Z = 1 and S = 1 for the free field 
case, and inserting (3.11), one has 


T (0 ) {j} = :e 


K k h. T 


(3.12) 


which is easily evaluated to give 


J /J V 


(3.13) 

and should be compared with a result of Appendix D, 


i /j A IN i/jA 

e = : e 


IN ;e ' % ^(l ) 3 


(3.14) 


A solution to (3.8) may be obtained from the ansatz 

Z(j} * N 1 • exp F i|jJ • Z (o) {j), (3.IS) 

where N is a normalization constant and F a func¬ 
tional to be determined. Substitution of (3.15) into 
(3.8) yields 


K i 


x i 6 j(x) 


Z = 


M -1 

N • exp F< 


U s i) 


j(x)Z 


(o) 


= j(x)Z + [exp F fi| T l,jCx)]Z (0) , 

(3.16) 

and F must be chosen such that the last term on the 
KH5 of (3.16) is equivalent to 

,n-l 

Z, which means 


JL 


(n-l)l 


1 


i 6j(x)J 
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[exp F 




JL 


(n-l)l 


il —§—I 
i 


n-1 


exp F 


I L 
U «jJ' 


A glance at the forms of Appendix D suggests the solu¬ 
tion, 


I i 
u «jJ 




d\ 


1 


n 


[i 6j(z) 


and 



exp 


i. 

2 


jA c j, 


(3.17) 


with the constant N determined by the condition 
Z{0} = 1. It should be noted that F{A) = i/L'{A) is 
simply the interaction part of the action operator, 

W*{A}. In fact, this solution was first obtained by 
Schwinger 1 directly from a suitable action principle, 
and immediately afterwards derived in the above form 
by Symanzik. 2 An elegant derivation, together with 
the formulation of a modified perturbation theory, has 
been given by Fradkin. 3 


B. The Schwinger Construction 

It will be most useful to describe, in at least a 
cursory way, the corresponding derivation given by 
Schwinger, and for this purpose it is necessary to 
state the rudiments of his quantum mechanical action 
principle relevant to this field theoretic situation. 
From states labeled by complete sets of quantum num¬ 
bers a’ at some time t, one constructs the so-called 
transformation functions <a , ,t|b’,t> which peimit a 
change in the description of the system from the set 
of a* variables to an equivalent set of b’ vari¬ 
ables. More generally, if the times are different, 
one has the probability amplitude <a* ,t^|b*for 
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the system to be in a state labeled by the a’ at 
time t x if it was known to be in the state labeled 

by the b' at t 2 , where t > t . These quantities 
are assumed to obey the relations 


<a ’.t 1 |b',t 2 >* = <b 1 ,t 2 |a',t 1 > 
and 


(3.18a) 


l <a '-tjIn',t><n',t|b',t,> = 
n ^ 



(3.18b) 


realit y and closure properties, respectively. In 
(.dj , the summation is over a complete set of states 
defined at an arbitrary time t. The states |a t> 
are defined as eigenstates of Hermitian operators 
A(t) in the Heisenberg picture, and are not necessar¬ 
ily the time-dependent vectors of the Schroedinger 
picture. For the particle situation, however, and in 
tne absence of external, time-dependent sources, A(t) 
may be identified with the complete set of commuting 
Heisenberg operators possessing constant energy, 
charge, ... eigenvalues, and the |a,t> become con¬ 
ventional Schroedinger states. 

The action principle provides differential state¬ 
ments concerning the infinitesimal variations of these 
functions, from which immediately follow their explicit, 
integral solutions. The essential assumption is that 
any variation <5<a f ,tj |b’ ,t 2 > may be represented as 
the matrix element of an infinitesimal hermitian opera¬ 
tor between the same states, 

6 < a’* t 1 ib',t 2 > = i<a',t 1 | 6 W 12 |b>,t 2 > (3.19) 


where 6W 12 denotes the appropriate variation of the 


action operator 




With the forms (3.1) s 


(3.2), and under the simplest variation A -+• A ♦ < 5 A, 
with 6A a c-number, the Euler equation (3.3) is ob¬ 
tained by requiring a zero value of (3.19), if the 
variations <5A are to vanish at the end-point times. 
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probability amplitude < 0 ,tj| 0 ,t 2 > in the limits 

t - 400 , t 2 -► since the RHS of (3.23) generates 

tie coefficient of that term in the Taylor expansion 
of <0,«-°°|0,-®> proportional to n factors of j, 


e _ \ 


n 






n 


j <o, + ®|o,-®>]j =0 


= <0,H(A(x 1 ) ••• A C x n ))^. I°*“ 00> |-j = 0 


(3.24) 


where the states and operators on the RHS of (3.24) are 
the appropriate quantities in the absence of the exter¬ 
nal field j. From (2.14) and (2.16b) these yield a 
combination equivalent to 


in <°|s(A(x 1 ) 


• • • 




IN 


1 _ 6 

.n 6j(x 1 ) 


• • • 


63 ( x n ) 


<ST{j}> 



(3.25) 


and hence 

<0,+® 10 >"*> = (3.26) 

There may be other external fields J in the general 
problem, such that both sides of (3.26) depend upon J 
in the form 


<0,+®| O t -°°> . 7 = <S{J}>Z{j,J} 

3 

= <S{J} • (exp i/j A ) + > > (3.27) 

where Z{0,J} = 1. The essential point is that while 
J and j both appear as ’'external" fields in the 
Schwinger amplitude, all the j dependence has beer, 
explicitly written in the ordered exponent of the 
Symanzik amplitude, on the RHS of (3.27); the operator 
which appears in the latter may be an implicit func- 
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tional of J, but not of j. 

The action principle may be directly used to con¬ 
struct the Schwinger amplitude. Again, one first con 

siders the free-field case corresponding to c = 0 
to obtain 6 


i «j(x) <0,t ll 0,t 2 > g=o = < °.t 1 |ACx)| 0 I t 2 > g m0 . (3.28) 

and hence 



j(x)<0,t 1 |0,t 2 > g=0> (3.29) 


since A satisfies the simple relation K A(x) = j(x). 
Exactly the same arguments used in the construction of* 

Z ^C J 

are relevant here, and one obtains 


<0, t 


1 



g=0 




(3.30) 


where both time integrands of the exponent of (3.30) 
are understood to be limited to the range t^ > t > 

Application of the action principle to variations of 
the coupling parameter, g g ♦ 6g, yields 




i 

nl 


i 

nl 


<0 * t llj 

r l 1 

d 4 xA n ( 

<2 

,‘1 

d 4 x 

’l 6 


[i «j(*)J 


n 


<o,t 1 |o ; t 2 > s 

(3.31) 


where one again considers only the explicit dependence 
of W on g. The solution of (3.31) is elementary, 
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<o,t 1 |o,t 2 > = 


exp[- 



I L 

i Sjj 


n 





(3.32) 


and in the limits + ®, t one sees the corre¬ 

spondence of (3.32) to (3.17); the interrelation of 
these functionals, according to (3.26), shows that the 
normalization constant N of (3.17) may be identified 
as the vacuum-to-vacuum amplitude <S>. The same tech¬ 
nique, in any field theory with canonical i Q and 
causal interaction L'{A) always produces a generating 
functional of the form 


<S>Z{j} = exp[iW'^ 


I 1 

i 6 j J 


] * ex P [t 


j& c ib 


(3.33) 


Theories with noncanonical L Q , such as those defined 
by the chiral invariant, nonpolynomial Lagrangians, re 
quire a separate discussion, as in Chapter 4. 


C. Several Interacting Fields 

Generalizations of (3.33) to more realistic theories 
are immediate. For the case of two boson fields, 
and A, defined by the Lagrangian 


L = L {A} ♦ LUi - f * 2 A, 

O o 2 

one writes the generating functional 


Z{j,k} = <(exp i 



+ 


k4>]) v > 


(3.34) 


and may carry through either the Schwinger or Symanzik 
construction to obtain the free-field functional 
(g - 0), 





♦ 


2 




(3.35) 


and the representation of (3.34) 
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Z{j ,k} = N 


,-l 


exp[-i & 


I L. 

i 6 k 


i-n • z 


( 0)/ 4 


(3.36) 


In (3.35), A^ and Adenote the free, causal 
c c 

propagators of the fields A and $, of unrenormalized 
mass u and M, respectively; again, N = <S> and is 
a pure phase factor. The Feynman graphs frequently 
drawn to represent the interaction between the quanta 
of these fields are interpreted in terms of the produc¬ 
tion of singly emitted A-particles by a <f>-particle, or 
of the conversion of single A-particles into pairs of 
<f>-particles. 

There is an interesting limiting situation, arising 
in the bremstrahlung of low energy photons by a heavy, 
or fast moving charged particle, which may be described 
by replacing the -(g/ 2)<*> 2 term of the previous inter¬ 
action Lagrangian by a real, c-number function J(x). 
This represents an essentially classical-current de¬ 
scription of the 4 >-particles, which are treated as un¬ 
affected by their emission of A-quanta. Such neglect 
of radiation reaction is only an approximation, but a 
very useful one; in this model, the <J>-particles only 
exist to provide the prescribed c-number current J(x), 
and all other ^-dependence may be dropped from the La¬ 
grangian. Thus, one considers L = L Q {A} ♦ JA, with 
the generating functional defined by 

<S{J}>Z{j;J} = <S{J}(exp i/jA) + >. (3.37) 

Either form of construction yields 


<S>Z 


exp[i 




(3.38) 


The operator exp[/j -y] of (3.38) expresses a simple 

translation of the j dependence of any functional 
F{ 3 } upon which it operates into F{j+J}, and hence 
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» 

<S>Z = exp[| (J+j)A c (J+j)]. (3.39) 

With the normalization condition Z{0;J} = 1, one 
obtains 

» 

<S{J}> = exp[y JA^J], (3.40) 

< 

a result which could have been read off directly from 
(3.30). The S-matrix is given by the application of 
the general reduction formula (2.24), with Z? = 1 
because there are no quantized fluctuations of the A 
field in this model situation. Using the same analy¬ 
sis as that which led from (3.12) to (3.13), one easily 
finds 

S = <S{J}>:exp[i/jAj N ]:. (3.41) 

The exponent of (3.40) is no longer purely imaginary 
with 

a c (x) ' T A (i) (x) ' ! £ ( x 0 ) a ( x ) 31111 

i JA c J = - i W ♦ i«, 

« 

where W and £ are real, one has 

* 

w = y jjd l, xd‘ , yJ(x)A (1) (x-y)J(y) (3.42a) 

and 

5 = - j ||d 1 *xd 4 yJ( x )e( x o -y Q )A(x-y)J(y). (3.42b) 

Inserting a Fourier representation of the real currents 
J(z), (3.42a) can be written as 
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* 



(3.43) 


indicating that W will be real and positive for those 
external currents whose frequency dependence can excite 
mass-shell quanta of the A field. When this is the 
case, the probability of the vacuum remaining a vacuum 
over an arbitrarily large time interval, 

p 0 = l <s> ! 2 = ex P[-W], must be less than unity. 

More generally, the probability of the vacuum to 
turn into a state of n particles can also be obtained 
in this simple model. 4 It is 



where the y n label on the state of n particles re¬ 
fers to all of the n-particle phase space variables 
which must be summed over, taking into account energy 
and momentum conservation; with this notation, the clo¬ 
sure relation would read \ \ |n ,'T' n >< n,y n | = 1. From 

(3.41) one has n ^n 

<n,Y J s> = <n * Y n h i / JA iN ) ) n> • <s> > 


where only that term of the exponential’s expansion 
which contains n factors of A^«.^ can connect the 


IN vacuum to an IN-state of 
ing (3.45) into (3.44), 


IN 

n particles. Substitut- 


P = e 
n 


-W 


1 


n I 


i <(/JA;;h n i".v < n,Y„i(/ J Aj-h n >. 


n 


(3.46) 


and one notes that the sum over the intermediate states 
for fixed n may be extended to range over all r. s 




n 


l 


•V 


n 


n 


><n 


*v 


> 


(3.47) 
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if only the original n index is maintained for the 

number of factors; this is true because the only 

contribution of <n',y , I (/JA*) > occurs when 

n’ = n. But the RHS of (3.47) is unity by the closure 
relation, and hence 



-W 


n! 


(/JA 


(+) ) n (pA I ( - ) )" 


IN 


This vacuum expectation value has the form <a n b n >, 
where [a,b] = c-number, a 1 0> jn = 0 j N <0 l b = 

Under these conditions it immediately follows from the 

forms of Appendix D that <a n b n > = nl([a,b]) n . With 

the aid of (1.5) one then obtains [a,b] = i/JA^J, 

which by symmetry may also be written as H /JA^J. 

Recalling (3.42a), one obtains the familiar Poisson 
form 


P 

n 


w n -W 

in - e 


(3.48) 


as the probability distribution for the emission of n 
particles by the external source. The normalization 


condition, \ P 

n 

interpretation. 


n 


= 1 is of course consistent with this 
It should be noted that W represents 


the average multiplicity, 


w * [ nP 


n 


n 

A theory of fermions coupled to an external, c-num¬ 
ber boson field is easily handled in a similar way 0 
The Lagrangian here is L = l Q (^,i) ♦ L\ with 


L q = - i(m ♦ y • 3)K 


(3.49a) 


and 


ext 


L' = g\p\pA 


9 


(3.49b) 
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while the generating functional 

<S{A ext }>Z{n,n;A ext } = <S{A ext )(exp i|[j»n <■ n4»]) + > 
is rapidly determined to be 

<S>2 = exp(igj[- i|-]A ext [i|^]) • 2 (o:) {n,n}. (3.50) 


The free-field functional is given by 

Z (o) = exp[i d 4 xdV l n (x)S° 6 (x-y)n (y)], 
JJ a,6 a C B 


(3.51) 


a form which will subsequently be abbreviated as 

exp[i/nS c n]. The steps leading to these equations are 

completely analogous to those followed for the boson 
case. If the interaction is that of an external elec¬ 
tromagnetic field interacting with the fermion current, 
the only overt change in these formulae is the inclu¬ 
sion of a four-vector index. 


L' = ie 5* Jy ^ • A 

5 » y 


ext 


(3.52) 


and 


<S>Z = exp 


-e 


6n 


.ext 6 
A —— 

6nJ 


exp(i/nS c n) 


(3.53) 


Finally, in a coupled theory of fermions and bosons, 
here illustrated by QED, one writes a Lagrangian of 
form L s * L' where l Q denotes the sum of 
(3.49a) and (3.1), the latter with the replacement 
A -*■ Ay and the mass y -► 0; for L’ one adopts the 
familiar classical form, rewritten in terms of opera¬ 
tors only, 


L' ~ ie^y • A^/. 


(3.54) 
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The generating functional 


Z{j u ,n,n} = < (exp i/[j v A v ♦ n* ♦ ^n]) + > 


may then be immediately written in the form 
<S>Z - exp[ieJ 1- ( r • |y) • 



(3.55) 


where D^ v = 6 pv A c ^2 -q* Ec l uation ( 3 * 55 ) wil1 be S en " 


eralized to arbitrary relativistic gauges in Chapter 5. 

D. Rearrangements/Grouping of Feynman Graphs 

Each of these specific forms for the generating func¬ 
tional is exact, and is complete in the sense that ex¬ 
pansion in powers of the appropriate coupling constant 
produces all the (unrenormalized) perturbative contri¬ 
butions to every n-point Green's function, and thence 
to every S-matrix element. In each coupled-field case 
there exists a simple rearrangement which when per¬ 
formed leads to an advantageous grouping of terms into 
distinct classes of Feynman graphs, in the sense of 
being able to distinguish certain closed-loop inser¬ 
tions into an arbitrary graph. It is also a useful 
rearrangement for exhibiting the relationship between 
relativistic, quantum field theory (2nd quantization) 
and relativistic potential theory (1st quantization). 

A simple, algebraic derivation of the formula 


r i 6 A 

ex Pt‘ 2 j 6j A 



(3.56) 


where 


B = B(1 - AB) 


-1 


and L « j Tr ln(l - AB) 
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is sketched in Appendix F. Here, A(x,y) and B(x,y) 
are each symmetric functions of their arguments, while 

B(x,y) = <x|*B|y> denotes that solution of the integral 
equation 


B x (x,y) = B(x,y) ♦ x/d 4 u/d l4 vB(x,u)A(u,v)B x (v,y) (3.57) 


with X = 1. The quantity L is defined by the para¬ 
metric integral 


-T 


dX 


d 4 x|dV(x,y)B A (y,x) 


(3.58) 


and, as indicated in Appendix G, is a useful represen¬ 
tation for the logarithm of the determinant of the ma- 

-h 

trix (1-AB) , in the limit of continuous (coordinate) 

indices. An elementary generalization of (3.56) is 


exp[- i 


P 



♦ 1 


fj] 


= exp[y 


jBj 


♦ l 


j (l-BA) _1 f ♦ i Trln(l-BA)' 1 


♦ 



fA(l-BA) 



(3.59) 


and is frequently useful, as in Chapter 7. 

With the aid of (3.56), the generating functional 
of (3.36) may now be rewritten in the form 


NZ{j,k) = exp[- j 


6 (. 6 \ 6 i 

6k t lg aJ 


6 j ^ 6k- 



U M*1 

c 
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♦ i Tr*n(l-ig |j -A^)" 1 ] • exp[y jA^j], 

(3.60) 

where <x|~|y> = 6(x-y) 6 r ~ y . A slightly more con¬ 
venient form results if a further rearrangement is 
made, based upon the relation of Appendix H, 

pfjlyWty = ex Plj 

• ex Pt- I J Ia a c |x3 f{a} 'C 3 - 61 3 

where A(x) = /d 4 yA c (x-y)j(y). In place of (3.60), 
one may then write 

NZ{j,k) = exp[| jjiJ U) j] • exp[- j j ^ jy] 


• exp[j kG[A]k + L[A]], (3.62) 

« 

where < x|G[A]|y> = G c (x,y|gA) denotes the (relativis¬ 
tic, potential theory) propagator of the $-field in 
the presence of the c-number source A(z), 

G c (x,y|gA) = <x|Af M) (l+gAA c (M) )' 1 |y> (3.63) 

and 

rs * 

L[A] = j dg' d"xA(x)G c (x,x|g'A). (3.64) 

o 

The forms (3.60) or the equivalent (3.62) are quite 
useful in the practical application of the functional 
techniques to estimates of different physical processes. 
The presence of the "closed loop functional" L[A] in 
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these formulae is the sign that closed 4 -loops are in¬ 
serted in all possible ways, quite automatically by the 
formalism, in any scattering of A- or 4-particles; the 
frequent approximation which neglects all closed 4 - 
loops is simply made by dropping this term, L[A] -*■ 0, 
and making the corresponding simplification dictated 
by normalization, N -*■ 1. Perhaps the simplest example 
arises in the elastic scattering of a pair of (^-parti¬ 
cles, by the mechanism of exchange of all possible vir¬ 
tual A-particles. The four-point Green's function of 
interest is then 

< (<K* 1 )<Kx 2 H (x 3 )<fr(x 4 )) + > 


6 6 _ 6 _ 6 _ 

(x 2 ) 6 k(x 2 ) 6 k(x 3 ) 5k(x 4 ) 


j=k =0 * 


(3.65) 


which, from (3.62) in the absence of closed loops, sim¬ 
ply becomes M(x^,x 2 ;x 3 ,x 4 ) ♦ M(x^ ,x^;x 2 ,x 4 ) ♦ 

M(x 1 ,x 4 ;x 2 ,x 3 ), where 


M(x 1 ,x 2 ;x 3 ,x 4 ) 


exp[- 


1 L- — 1 

2 6 A c 6 A J 




G(x 1 ,x 2 |gA)G(x 3 ,x 4 |gA) 


A=0 ‘ 


(3.66) 


The sum over the three permutations of M is required 
by the indistinguishability of the 4 -bosons; were the 
4 -particles entering into the scattering process actu¬ 
ally distinguishable, then (3.66) alone would be suffi¬ 
cient to describe the scattering of 4 j, which "enters ' 5 
and "leaves" the scattering region with coordinates 
x 2 and Xp respectively; and of 4 ^ with analogous 
coordinates x 4 and Xy For clarity and simplicity, 
this situation is now assumed, and the I, II labels 
will be appended to the G[gA] of (3.66). 

A further rearrangement can be made, useful in the 
context of this and related (eikonal) problems, which 
is based upon an elementary formula of Appendix I, 



ex P[- I J Ia A C 1a ]g i [a]g ii [ a] 

= eX Pt- i j 6*7 a c db • ( eX Pf- I { 6*7 6?b G lM 
*'12 -'ll 

• ^ exp[_ T J 6*7 A c 6*7 ]G II [A 2 ] )|a =A =A‘ < 3 - 67 > 

1 2 2 1 1 2 

In pictorial terms, the effect of the "linkage" opera¬ 
tor on the LHS of (3.67) may be expressed in terms of 
the distinct roles played by the operators on the RHS. 
The expansion of each RHS exponential operator pro¬ 
duces all possible Feynman graphs containing virtual 
A lines (or propagators) which begin and end on the 
same G[A] as well as all virtual A lines which link 
Gj with Gjj. The simplest sort of approximation is 
obtained by the neglect of all "self-linkages", 

• 

M(x 1> x 2 ;x 3 ,x 4 } = exp[-ij -±- ^ -±~] • G^x^lgAp 

* G U (*3' x 4*« A 2 5 | Ai -A 2 -0 * C3 ‘ 68) 

and corresponds to the sum of all "ladder" and "crossed" 
graphs representing all the virtual A mesons ex¬ 
changed between <f>j and 4 >jj. Frequently, in the lit¬ 
erature, more effort has been expended to sum the set 

of ladder graphs (thereby selecting, in order g n , 
just one out of nl possible terms) than is required 
to estimate the entire contribution of (3.68). 

The form of (3.56) useful for fermion problems is 


exp[-i 


—] • expfi nBn] = exp[ilnBn] • exp L 


B = B(lfAB)' 1 , L = -Tr tnO+AB)" 1 , 


(3.69) 
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where the differences of sign in the definitions of B 
and L relative to (3.56) should be noted; these are 
due to the anticommuting nature of the fermion sources 
which reflect the necessary Fermi-Dirac statistics of 
spin 1/2 particles. In particular, the origin of 
the Feynman graph rule "an extra minus sign for each 
closed fermion loop" can be seen in the change of sign 
of this L of (3.69), compared to the boson L of 
(3.56). Factors of 1/2 are missing here as well, 
corresponding to the lack of symmetry of the arguments 
of A Q g(x,y) and B a g(x,y), while in the definition 
of L the trace summation includes a sum over Dirac 
indices. 

With the aid of (3.69) the generating functional of 
(3.53) may be rewritten as 


<S>Z = expfi 


nG[eA ext ]n 


♦ L[A eXt ]}. 


(3.70) 


gxt 

where G[A ] denotes the fermion propagator defined 
in the presence of the external field, 


rT ,ext n c A ext 0 .-1 

G [ eA ] = S c (l - ley • A S c ) , 


(3.71) 


and 


L = Tr £n(l - iey • A eXt S c ) 


= -1 


de' l l d-XY“V xt (x)G (x,x|e’A ext ). (3.72) 
o M a,6 J P M 


The very important question of the precise definition 
of (3.72) will be deferred until the next section. 
From (3.70) one sees that 


<S{A eXt }> = exp L(A eXt ) (3.73) 

is the probability amplitude for the vacuum to remain 
unchanged; hence the generating functional of this 
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problem is simply 


Z{n,n) = exp{i nG[eA ext ]n}, 


and its functional derivatives lead to the potential 
theory picture of fermions propagating in the presence 
ext 

of A , but having no interactions with each other. 
The probability of the vacuum remaining unchanged is 

given by P = exp (2ReL[A ext ]), which can be less than 

® ext 

unity if the Fourier components of A u can produce 

fermion-antifermion pairs. Because the external field 
can generate pairs in a variety of ways (represented 
by quite distinct Feynman graphs), the probability 
? 2 n for producing n such pairs is somewhat more com¬ 
plicated than the simple Poisson form of (3.48); yet 


in this model situation, it can be obtained exactly. 




For the completely quantized QED situation of (3.55) 
one has, using (3.69), 


NZ = exp[i 


nS c (l-ey • |y S c )' 1 n ♦ Trin(1-ey • Jy S £ )] 


exp[i 




or 



J 


D 

P c 


pv 







expfi nG[A]n ♦ L[A]} 


(3.74) 


where use has been made of (3.61). In (3.74) the fun¬ 
damental relation between potential theory and field 
theory is again exhibited, in the sense that one must 
perform specified functional differentiation operations 
upon the Green's functions of the former to obtain 
those of the latter. 
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E. Fields at the Same Point 

An ambiguity in all the previous discussion is reflec¬ 
ted in the lack of precision given to the definition 
of operator fields at the same space-time point. Such 
quantities are usually quite singular, while the meth¬ 
ods of introducing a reasonable degree of finiteness 
are not always the same for all interactions. 

The simplest level at which this problem arises con¬ 
cerns the definition of the free-field generating func¬ 
tional (3.11), obtained from the noninteracting Lagran- 
gian (3.1), or if one uses the Schwinger construction, 
from (3.1) plus jA. The elementary problem now con¬ 
sidered is the use of the action principle to obtain 
the generating functional for y 2 t 0 if it is already 
known for y 2 = 0. For arbitrary y 2 , one has from 
(3.19) 


—— <0,+®10,-®> 

6y 2 

with solution 

» 

<0, *«> | 0, -•> = exp{- j |y [-y 2 ] |j} • < 0,H0,-»> y2=0 > 

(3.76) 

where <x|y 2 |y> = y 2 6(x-y). From (3.30), 

* 

<0, 10,-"» u 2 _ 0 = exp | jD c j» where 

I 

D (x) = A (x;y 2 =0), while (3.56) permits the evaluation 
0 c 

of the RHS of (3.76), 

exp[j jD c (i * [u 2 ]D c ) -1 j] • exp[-|- Trin(l + [u 2 ]D c } _i ]. 


- j d 4 x <0,+®|A 2 (x)|0,-®> 


• * ' 2 

| d 4 x L-r^yl <0,♦»| 0,- ®> , (3.75) 


(3.77) 
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The j-dependent term of (3.77) is exactly (3.30), since 


<P|D C (1 


i 2 D ) 


-1 


P’ 


> = < 


PIP 


' > 


u c (p) (l 


u 2 6 c (p))’ 1 


= 6 (4) (p-p’) (y 2 + ^(p)" 1 )’ 1 . 

which was the starting point of the calculation. The 
remaining term of (3.77) is just an (infinite) phase 
factor, 6 but its existence rather than its value is 
the point requiring an explanation. 

A clue to the origin of this difficulty lies in the 
interpretation of the phase as a vacuum-to-vacuum ef¬ 
fect, for this change of mass shifts the energy level 
of the vacuum by an infinite amount. A similar effect 
is noted in conventional field theory, where one calcu¬ 
lates a free-field Hamiltonian directly from the free- 
field Lagrangian and discards the "infinite zero-point 
energy" as a meaningless constant, since only energy 
differences can be physical. That part of the discar¬ 
ded constant independent of spatial momentum has re¬ 
turned to generate the unwanted phase of (3.77), as 
the self-energy of the vacuum tries to adjust to its 
new infinite value when y 2 increases from zero. 

The original Lagrangian may be rewritten so that it 
does not contain this zero-point effect by merely sub¬ 
tracting away the latter, replacing L 0 {A) by 
i- 0 {A} ~ < ^-o > * Translational invariance requires that 

<A n (x)> be independent of x; and hence this subtrac¬ 
tion procedure removes a constant from the term 
-(y 2 /2)A 2 (x) of (3.1), replacing the latter by 
-(y z /2)[A z (x) - <A 2 (x)>), or for free fields, by 
-(y 2 /2):A 2 (x):. As in Chapter 2, the double dots de¬ 
note a Wick-ordered product (creation operators stand¬ 
ing on the left and destruction operators on the right). 
From (3.23), A 2 (x) is always to be understood as the 

symmetric limit of a time-ordered arrangement, and 
hence <A 2 (x)> may be denoted by -iA^O), a diver¬ 
gent constant. Application of the action principle 
now yields 
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6u 


— <0 , +® j 0 ,-®> = - 4 
2 2 


dx<0,+»|(A 2 (x) - <A 2 (x) >)|0, 


(3.78) 


in place of (3.75), with the solution (3.77) now multi' 
plied by an extra factor 


exp[j 


dn 


o 


2 dx<A 2 (x)> n2 ] = e*p[~ 


dn 2 A c (0;n 2 )], 


(3.79) 


which exactly cancels the phase factor of (3.77). 

Thus, the normal ordering prescription, in providing 
the definition of what is meant by a pair of free field 
operators at the same point, restores the validity of 
the action principle analysis. 

In a theory with nontrivial interaction of the form 
(3.2), one must supply a corresponding definition of 
n operators acting at the same point. One natural 
definition is obtained by the application of a Wick- 
ordering functional, 7 

W{j} = :exp(i/j A): = exp(i/jA) + <exp(i/jA) + >’ 1 , (3.80a) 
where 


:A(x 1 )---A(x n ): 


l 6 
i 6j(x x ) 


i «j(x ) 


W{ j } 


j=o- 

(3.80b) 


As an example, Eqs. (3.80) applied to the interaction 
L' = - (g/4 ! )A* 4 (x) replace the latter by 


iL 1 : = - |y :A 4 (x): = - |j (A 4 -<A 4 >+6<A 2 >(A 2 -<A 2 >)}, 

(3.81; 

under the assumption that <A> continues to vanish 
for interacting scalar fields. The use of :L: rather 
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than L is therefore equivalent to using L with the 
infinite constants 

- — <a 2 > - <A 4 > - <A 2 > 2 

2 4! 4 


removed, together with a shift of the unrenormalized 
mass u 2 by the amount (g/4)<A 2 >. Quite generally, 
the use of :L: for any polynomial interaction of 


form L' 



corresponds to the removal of 


the vacuum self-energy infinity, together with the re¬ 
definition (by the addition of infinite quantities) of 
the unrenormalized coupling constants g^. When 

n -+■ ®, however, as for the Fradkin-Efimov 0 nonpolyno¬ 
mial Lagrangians, the situation is somewhat more com¬ 
plicated; while the normal ordering prescription may 
be used to remove vacuum singularities, it is not 
clear that the procedure maintains the proper unitsr- 
ity and/or analyticity of the n-point Green's func¬ 
tions. 9 It should be noted that there exist other 
definitions of polynomial L’ in which a limiting 
procedure for fields at the same point is employed in 
perturbation calculations, with the (spacelike) sepa¬ 
ration of coordinates maintained until after renormal¬ 
ization has been performed. 10 

For fermion fields, and in particular in QED, the 
situation is more complicated but more amenable to 
solution, since there exist certain principles which 
may be invoked to help define a proper interaction. 
Normal ordering of both L q {A ) and L Q {^} may be 
adopted, but this prescription is incomplete when ap¬ 
plied to the fermion current operator of L*, which 
has simply been written as = iejy^ in (3.49) or 

(3.54). Not only should the vacuum energy be zero, 
but in addition its current density must vanish 





G 


(3.82) 


in the limit of zero external fields A . Further 

v 
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for any value of A v , the current so induced in the 
vacuum by an external field must be conserved, 

9 <j (x)> = 0, (3.83) 

in order to guarantee that the total charge of the 
vacuum remains zero. These requirements are stated 
for the vacuum expectation of the current operator, 
and consequently it is for this quantity--rather than 
the operator directly--that the analysis is first per¬ 
formed. 

According to (3.23), this simplest definition of 
the current operator is given by 

j 00 = i lira I (3.84) 

u x'-x-K) a,8 

where, to maintain strict causality, the points x 
and x' should be relatively spacelike. In this case 
an alternate form of (3.84) is obtained by averaging 
over both orderings of these factors, to produce 

t lim l y?*® t4>o(*') »♦_( x )]; 

2 x-x'+O a,6 W 6 a 

for free fermions, this is equivalent to the normal 
ordered form. Were these fermion fields dependent 
upon external, or ficticious, c-number sources A v , 
upon taking the vacuum expectation value of (3.84) 
there results 

<j,,(x)> . = “ lim tr[y G(x,x* |eA)), (3.85) 

u eA x'-x-K) p 

where tr means a trace over Dirac indices, and the 
generating functional (3.70) has been used to identify 
G[A] with this time-ordered quantity. The relation 
of (3.85) to the generating functional (3.74) of QED 
may be seen from the relation (3.72), which with 
(3.85) is equivalent to 
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L[A] = i 


de 


d‘*xA (x)<j (x)> ... 
u J j ij v 7 e'A 


(3.86) 


An alternate and frequently useful relation may be 
seen to follow from these definitions. 


6L 

6A (x) 
y 


ie< V x)> eA- 


(3.87) 


Hence any properties and requirements placed upon the 
current induced in the vacuum by an external field, 
will have an immediate application to the closed-fer¬ 
mion loop functional, and thereafter to all photon 
processes. 

It should be remarked that, formally, there is no 
problem at all: if the fermion field equations corre¬ 
sponding to the interaction (3.49b) are satisfied, one 
expects (3.83) to be satisfied, as is (3.82) if only 
the limit x - x' -*■ 0 is taken in a symmetric way. 

The difficulty is that G(x,x'|eA) becomes singular 
in this limit, and formal manipulations can go awry. 
The resolution of this problem (originally given by 
Valatin 11 ) will here be accomplished by first changing 

the definition of <j (x)> . to insure that 

u eA 


a y 5 

V 6A v (y) 





(3.88) 


for any coordinate y, and then employing translational 
invariance to argue that (3.88) is indeed equivalent to 
(3.83). 

Under gauge transformations of form A y -*■ A p ♦ a u A, 

the potential theory G[A] will undergo the transfor¬ 
mation 

G(x,y|eA) - G(x,y|e[A+3A]) 

= G(x,y|eA) • exp[ie( a( x)-A(y))], (3.89) 

as is easily seen by examining the differential equa- 
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tions obeyed by G[A]. Hence the combination 


G F (x,x'|A) 


G(x,x'|A)exp[-ie f 

J x' 


d W«] 


(3.90) 


is explicitly independent of A under this gauge 
transformation, which condition implies (Appendix J) 
that 


3 V 6/(7T G F (X ’ X,|eA) - °- 

Thus if the G[A] in the original definition of (3.85) 
is replaced by Gp[A], 


< j.,(x) > F = “ lira tr[y G(x,x' |eA) ] 
y r x'-x-O p 

• exp[-ie| d£ A o (0]» (3.91) 

J x t 

(3.88) will be satisfied by (3.91) for any point y 
and any separation x - x*. Taken by itself, the expo¬ 
nential factor of (3.91) vanishes as x’ - x ** 0; but 
it multiplies G(x,x'|eA) which is singular in that 
limit; and their product, while not itself finite, is 
just sufficient to insure the gauge invariance of the 
combination. 

The nature of the limit in (3.91) should (i) be such 
that the coordinate difference is always spacelike, and 
(ii) maintains <j^(x)> p as a four-vector while (iii) 

preserving the translational invariance of all result¬ 
ing amplitudes which arise from the further expansion 
of <j (x)> F in (odd) powers of A^. In the pertur¬ 
bation expansions of QED (Chapter 6) these properties 
are verified a posteriori , while they are explicitly 
exhibited in the solutions of two-dimensional QED 
(Chapter 7). If properties (ii) and (iii) are ful¬ 
filled, then <j (x)> F may be written in terms of its 
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Taylor expansion, 


K Iv )(X ' y)A v (y)dy 


CL (X ' y ' y - Z ’ 2 ' W)A v (y)A A (Z)A o (w) 


t * » ‘ 


( 21 ) 

and (3.88) employed to show that each satis- 

x ^2£'i VJV • * • 

fies 9 J = 0; and hence (3.83) is satisfied, 
y yv•• • 

An operator redefinition of j which yields (3.91) 
may be obtained by rewriting the interaction Lagrangian 
in the form 



where A^(x,y) is a nonvanishing operator for space¬ 
like values of x-y; e.g., 


A^(x,y) = A^(x)f(x-y)exp[-ie 


J y 


d W 5 ”- 


where A^(x) denotes the photon field operator or ex¬ 
ternal field or their sum, and f(x-y) is an arbi¬ 
trary c-number function which is to approach 6 4 (x-y) 
through spacelike values of the coordinate difference. 
All the analysis of the previous section goes through 
as before, with the G[A *] and L[A *] as defined in 
(3.72) and (3.74), except that now <x|A^|y> * A’(x,y). 
In particular, (3.72) is changed to read ^ 


L[A *] = -ie 


r' 

> 

dX 

d 4 X 

Jo J 

• 


dV;(x.y)tr[ Y)J G(x,y|xA»)], (3.93) 


while 

G(x,y|XA') 


S c (x-y)+ieX 


d^u 


d A vS (x-u)yA' (u,v)G(v,y| XA' ).(3.94) 

^ MM 
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Since the multipoint fermion Green's functions are not 
gauge invariant (in contrast to their S-matrix elements, 
which are), and only the photon amplitudes must satisfy 
these restrictions, one expects that no error will be 
generated by passing to the limit f(x-y) -* 6(x-y) in 
(3.94); in this case, the latter is equivalent to the 
G[A] of (3.70), while (3.93) is the same as (3.86) 
with the replacement (3.91). Further discussion will 
be given within the context of the specific examples 
of Part II. 


Notes 
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3. E. S. Fradkin, Nuc. Phys. 76, 588 (1966). 
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Principles of Quantum Electrodynamics , Academic Press, 
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that formula appropriate to the fermion pair situation, 
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6. This may be seen by supplying sufficient regulari¬ 
zation of the propagator & c (p) so that the integral 
defining £n N may be computed, after which the regu¬ 
larization is removed. For example, one may replace 

rA 2 


. 2'” 1 


by 2 


LdL(L+p 2 )" 3 , and subsequently take the 


limit of very large A 2 . 
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NONCANONICAL (CHIRAL) GENERALIZATIONS 


When the interaction L' of a specific theory is de¬ 
pendent upon derivatives of the interacting fields, the 
preceding constructions must be supplemented by a care¬ 
ful statement and application of the ETCRs. The latter 
can be markedly different from the typical canonical 
relations discussed in Chapter 1, in which case a naive 
application of the formulae of Chapter 3 can be quite 
misleading. In this chapter, a detailed construction 
is given to illustrate the intricacies involved in set¬ 
ting up the calculations of recently relevant chiral 
theories. 

The nonpolynomial Lagrangian 1 





F ab (w) 



(4.1) 


is written to describe zero-mass pions, of isotopic 
index a; here = 6^^ (it 2 ) ♦ with the 

functions f ^ 2 given in terms of 

^C* 2 ) = f 2 (f 2 - S 2 )* 1 , (4.2a) 


f,^ 2 ) = f 2 (f z + ; 2 )- 2 (4; 2 f- 2 - 4ff' -1), 


(4.2b) 


where f (tt 2 ]) denotes the so-called "pion gauge func¬ 
tion," f‘ = f (7T 2 ), and f 1 = g plays the role 

of a coupling constant. In a theory possessing strict 
chiral invariance any functional form is allowed for 
f, as long as th£ hermiticity of (4.1) is maintained. 
If F^ = 6 a k ♦ F one might simply write (4.1) as 

a "free-field" part (F^ replaced by 6^) plus an 

"interaction" part (F^ replaced by ^ a ^); and one 

might then apply the previous techniques in which the 
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complete generating functional is given in terms of 
"interaction" functional differentiation operations 
upon the free-field generating functional. What is 
wrong with such a program is that proper account is 
not taken of the correct definition of generalized 
momenta, 



3L 


3(3 tt ) 
v o a 



MVb 


(4.3) 


and the corresponding ETCR, 


[n a (x),P b (y)] = i6 ab « 3 (x-y), (4.4) 

o * o 

or 

[" a (x),3 * b (y)] = i« 3 (x^7)F^[Ty (x)] , (4.5) 

o y o 

where (4.5) follows from (4.4) and the unchanged rela¬ 
tion (1.2), [Ti a (x) ,7t b (y)] x = 0. 

o ' o 

The quantization of this Lagrangian is of interest 
in the understanding of theories which are expected to 
satisfy certain (in this case, chiral) symmetry re¬ 
quirements, such as the vanishing of the pion’s mass 
in the presence of self-interactions written (as in 
(4.1)) to preserve the symmetry. On the basis of the 
naive, or improper, calculation, the retention of such 
symmetry properties is not at all clear; in fact, it 
was noticed that the first few leading, highly diver¬ 
gent perturbation contributions to the pion self-mass 
could cancel, in each order, if a special "gauge’ 1 or 
choice of f(n 2 ) was made. This is contrary to the 
spirit of chiral invariance for arbitrary f; in terms 
of F a b, the condition for such cancellation was found 
to be det F = 1. However, when a proper computation 
is performed, taking into account the change in the 
generating functional that exists in such a noncanoni- 
cal theory, one finds that the cancellation occurs 
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automatically, for any f, and in this sense preserves 
the chiral property of zero pion mass. 

The calculation given here represents a slight gen¬ 
eralization of the Symanzik construction, but an en¬ 
tirely analogous construction in the Schwinger manner 
may be carried through. Variation of (4.1) yields the 
field equations 


9 F 


9 [F 

v 


ab 


9 TT ] = — 8 7T 
y b J 2 \i c 


cd 


9 7T 


9 TT , 
u d’ 


or 


9 [F , • 9 TT, ] 
o l ab o b J 


9 F 

9 . [F , • 9 . TT ] - — 9 . TT • ■— C -- * 9 . TT 

j 1 ab jb J 2 j c 9 tt jd 


9F 


+ 4 9 tt 


cd 


2 o c 9 tt 


9 tt . 
o d 


(4.6) 


In terms of the generalized momenta P a of (4.3), the 
last term on the RHS of (4.6) may be replaced by 


1 p . rs . F“^p 

2 e er 9tt st t 

a 


K 





(4.7) 


while the LHS is simply 9 Q P a . 

Because the interaction part of the equations of 
motion involve P a , it is clear that the generating 
functional must also. One defines 


Z{j,k} = <(exp i/[j a * a * k a P a^+ > ‘ 


(4.8) 


where J(x) and k(x) are appropriate c-number, iso¬ 
topic sources; at the end of the calculation, k will 
be set equal to zero, restoring the manifest Lorentz 
covariance of Z{j,0}. In exactly the same manner as 
described in the Symanzik construction, one obtains 
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the pair of equations 


0 — 


o i <5j a (x) 


ana 


Z = - k (x)Z * F'Mi 


ab(i 6 j (x) J 


i 6k b (x) 


Z, 


(4.9) 


3 


x- r T ^ = ♦ j (x)Z + {3.[F 
o i 6k,, (x) J a v 1 j 1 ab 


1 


U «3(x)j 


( 


a. i 6 


l 3 i SjuOOJ 


11 

1 « 1 

dF cdfl 6 

3 1 * 

21 

j i «j c Wj 

3ir a (i 6j (x)J 

j i 


1 6 

3F 

cd 

r l 6 

(l « ]l7 

U 6k c (x) ; 

3 TT 

a 

[i <$j 00 J 

li «k,00j' 


(4.10) 


The first term on the RHS of both (4.9) and (4.10) is 
"kinematicalcoming from the ETCR (4.4), while the 
remaining content of these relations is similar to 
those of the Hamiltonian equations, expressing the 
time dependence of the fields and generalized momenta, 
respectively. 

Rather than adopting the previous Symanzik-type an- 
satz, it will be useful to exhibit an alternate method 
of construction of Z, one which proceeds from the con¬ 
cept of a functional Fourier transform. Any finite 
polynomial F n {j} can always be written in terms of 
suitable functional derivatives with respect to x( x ) 
of the quantity exp(i/jx); e.g. ; 


j(x 1 )---j(x r )H(x 1 ,-«-x r ) 


I ■" T (6XP i/jx) |x=0‘ 


(4.H) 


■ 
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A compact way of stating this is to invent notation and 
define manipulation analogous to those used in conjunc¬ 
tion with ordinary 6-functions; that is, (4.11) may be 
replaced by 


fd[ X ] 

J 


X)exp(i/j X ) 


(4.12) 


with 


F n ix) 5 


= r x •••x V- — / 

1’ V[ i 6 X (x 1 )j 


1 


l 1 6 X(x n )J 


«[x], 


and the rule 


J d[x]G{x} 


Mx] = - 


5G 


<5x(x) 


x=o 


For certain F{j}, it may be possible to treat the sum 
of such an infinite sequence in the same way as every 
term of the sum, and so express a nonpolynomial F{j) 
in terms of a functional Fourier transform. 


Hj) 


j d[x]F{x)exp(i/j x). 


(4.13) 


ihis can be done if F{j} is of Gaussian form, which 
is all that shall be required in this discussion; in 
fact, with the^aid of (3.56), (4.13) may be readily 

evaluated if F{y} is Gaussian, without ever calculat¬ 
ing an integral. In Appendix K it is shown that 




d[x]exp[i/j x. 

a a 


. i r 


* x a B ab x b J 


= C ± exp[± }/j a • b;; • j b ♦ i-Tr In B" 1 ] 

(4.14) 

wnere the constant C+ = Q ± [0;1] is independent of j 
and B, and Tr includes a sum over isotopic indices. 




Following this idea, a transform in two variables 
is introduced for Z{j,k), 

» ^ 

Z{j,k) = d[ x ] d[*]Z[ X( ^]exp i/1j a *X a +^ a *J. (4.15) 

in order that the differential equations (4.9), (4.10) 
may be converted into a simpler set of relations satis- 

fied by Zfx,^], 

3 o x a (x) • Z = - i Z ♦ r£(xc*))v*)' (4,i6;) 


«^ a (x; 


and 


3 ^ (x) • Z 
o a v 


{»j[F, b (x)>jX b ) 


- f <Vc> ST <*> <»*> 


— ^ 

2 ^c 


— (x) • ♦,}*• 


(4.17) 


A simple quadrature of (4.16) yields 

Z[x,*] - N[ X ]exp[i/i|> *9 x a - J /V F ab (x) " t 'b 1 ’ (4 ’ 18) 


where N[x] remains to be determined. After an inte- 
eration-by-parts on the first exponential factor of 
(4.18), substitution into (4.17) provides the neces¬ 
sary, and simple, equation for N[x] r 


3F_ 


6x a 00 


in N[ X ] = J OjX c ) ^ (x) OjXj) 


- 3 jt F abW 3 j X bl» 


(4.19) 
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with solution 


N[XJ = N Q exp[- - 


^ x c^ F cd(x)(^X d )] 


(4.20) 


where N 0 is a constant. In all terms, F cd [ x (x)] 
is understood as dependent upon the single configura¬ 
tion coordinate, x. If the formal, multiple integral 
notation is used, then <x |F ah |y> = 6(x-y)F ab [ x (x)]. 


Equations (4.20) and (4.18) may now be inserted in¬ 
to the representation (4.15) for Z{j,k), and the 
functional integral over ip calculated with the aid 
of (4.14), a 


2{j} = C N 

♦ o 


d[x]exp 




2 


cy a ) 




‘ + J Tr ln F(x)]. 


(4.21) 


in which k a , no longer necessary, has been set equal 
to zero. Equation (4.21) may be put into the form of 
Chapter 3 by splitting F into a free- and interac¬ 
tion-part, = 6 ab ♦ F ab , and rewriting all the in¬ 

teraction dependence in terms of operations upon a 
gaussian integral. 


Z{j) = 


C + N o exp[lTr *n F [i 


1_ 

2 


a IjL 

{ V i 6y 


ab 


I 6 
U s jJ 




• d[ x ]exp[i/j a x a - $f» uXa - 3 llX J. 


p"a p A a- 


(4.22) 


Another integration-by-parts converts the quadratic 
exponential dependence under this functional integral 

t0 “ J ^ x a ( ’ 32)x a ; and when now a PPiying (4.14), the 

operator (-a 2 ) * is understood to be 
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(-3 2 -ie) 


-1 


e-K)+ 



since the construction is of a time-ordered quantity. 
Hence, (4.22) may be written as 


NZ{j} = exp[y Tr inF 


I i_ 

i 6j 


3 l « 

M l 


a' 



3 1 - 5 . 

w i <5 j 


] • exp 


Iy /J 


(4.23) 


where the overall normalization constant has simply 

been written as N -1 * CjN o exp[j Tr in D c ]. The al 

temate, and somewhat more convenient form following 
from (3.61) is 


NZ{j} = exp[y /j 


•D *i ] 
a c a 


exp[- t 


_6_ 

6tt 


D 


c 6* 


• exp[i Tr InF (it) - -j 


(W F *b M( W ] ’ 

(4.24) 


where 


V x) 5 


d 4 y D c (x-y)j a (y), 


Had the canonical rules for the construction of 
Z{i} been (mis)applied to this problem, the result 
woild have been (4.23) or (4.24) without the factor 

exp[- Tr inF], which term would then be missing in any 

perturbation calculation. By Appendix G, this term is 

equivalent to exp[y 6 4 (0)Jd 4 x in det F(x)]. If the 

chiral invariance of the theory is to be maintained 
for F t 0, the highly divergent perturbation tetfms 
independent of external momenta, which are generated 
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by ex P[j Tr inF], must be canceled by self-processes 

arising from the remainder of the interaction. Hence, 

if one neglects the exp[i Tr LnF] dependence, the 

only way to remove the remaining (and leading) diver¬ 
gences will be by a special choice of pion gauge, 
equivalent to the requirement det F = 1 . In fact, 
the complete generating functional of (4.24) does main 
tain chiral invariance for any f, as illustrated by 

recent lowest-order calculations of the pion self- 
energy.^ 


Notes 

1. This problem was discussed by J. M. Charap, Phys. 
Rev. D2_, 1554 (1970), where references to appropriate 
chiral literature may be found. In the context of 
general relativity, results equivalent to (4.23) were 

i? rS 7 /? iVen B * S ‘ DeWitt » Physical Review Letters 
—* . f 1964 )* A very lucid summary of functional 

applications to related topics, including gravitation 
and Yang-Mills theories, has been given by E. Fradkin, 

U. Esposito and S. Termini, Rivista del Nuovo Cimento 
Sene I, Vol. 2, 498 (1970). 


2 1 . Gerstein, R. Jackiw, B. Lee, and S. Weinberg, 

d yS *n? eV ;n—’ 2486 (1971); M * Charap, Phys 

Rev. D3, 1998 (1971). 7 




SPECIAL TOPICS IN QUANTUM ELECTRODYNAMICS 


A. The Heavy Proton Limit 

In previous discussions, an early distinction has been 
made between external, c-number fields, and tne quan¬ 
tized fields which are of paramount interest here une 
has the intuitive understanding that classical fielus 
are appropriate for those limiting situations where the 
exact fluctuations of a quantized field are small ana 
unimportant; and indeed, such idealizations are con¬ 
tained in the conceptual foundations of measurement 
theory. In this section, such a limit will be exhibi¬ 
ted as the completely quantized theory of protons, 
electrons and photons is shewn to reduce, in the lim.t 
of very large proton mass, to a completely quantize 
theory of photons and electrons moving in the presence 
of external Coulomb fields generated by charges located 
at the positions of the massive protons. 

Tne presentation employed here will first esla ^'"~ . 
the essential part of this limit in a somewhat simp U- 
fied situation, involving but one electron and one pro 
ton interacting by the exchange of virtual photons and 
will then be extended to the general case, without ap¬ 
proximation. The configuration space amplitude for the 
exchange of all possible photons between an electron 
and proton is given by the functional statement 

M(x,y;x',y’) = exphij jfr, * G p (x,y|A) • 

L »* V J 


G (x',y'|A') A=A . =0 - 


(5.1) 


written in exact analogy with (3.66) Since the indi¬ 
cated functional operation is a translation of either 
field, an equivalent form is 


« 

M = G x,y|-i D c • G e (x',y’|A')| A I =0 > 

Pi 


C5.2} 


where 


G (x,y|A) denotes the relativistic, potential 
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theory Green's function of the proton in the presence 
of a ficticious, external, field A; and similarly for 
the electron's Green's function G e [A']. For simpli¬ 
city, the discussion is carried out in the Feynman 

gauge, = 6 «D . 

c yv c 

The essence of the procedure follows from the obser¬ 
vation that in the limit of very large proton mass M, 
the proton Green's function takes on a form sufficient¬ 
ly simple to be able to perform the operations of ( 5 . 2 ). 
It is 


G p (x,y|A) = i0(x o -y o )S(x-y) 


exp[-iM(x o -y Q )-ie 


'Y. 


<UA o (x,0], (5.3) 


where A 0 = -iA 4 . Derivation and application of forms 
similar to (5.3) will be discussed fully in Chapters 8 
and 9, but for the present purpose one can see that 
(5.3) represents a solution to the approximate equation 

(M + [i 3* - ieA 4 (x)])G p (x,y|A) = « 4 (x-y), (5.4) 

and its adjoint. It has been obtained from the exact 
differential equation satisfied by (3.71) by the ne¬ 
glect of all y-dependence, and the replacement Y 4 = + 1 ; 

these approximations represent the zero velocity appro¬ 
priate to an infinitely massive proton, and to the 
"propagation" of a massive proton rather than a massive 
anti-proton. (Actually, a more proper statement is 
that the heavy proton's velocity should be constant, 
rather than necessarily zero, a refinement treated in 
Chapter 8 .) 

With (5.3), the functional operations of (5.2) are 
simply those of another translation, and yield 

M(x,y;x',y') = ie(x o -y o )60Ty)exp[-iM(x o -y )] . 
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G e (x',y'|A eff ), 


(5.5) 


where 


A eff 

u 




dCD c (x-z,^-z o ) 


(5.6) 


defines the effective, position dependent field seen 
by the electron. Now, in the limit x q + y Q ** 

which physically corresponds to the continued presence 
of the heavy proton, the integral of (5.6) may be eas¬ 
ily evaluated to give 


A eff 



= i 6 


u4 


4tt 




» 


just the Coulomb field acting on the electron at z 
due to the proton at x. The remaining factors of 
(5.3), which simply multiply G e (x’,y T |A ) represent 
the wave function of a fixed, positive energy proton, 
with the energy dependence here contributing a phase 
subsequently removed upon calculating the probability 
for any process involving the electron. 

The generalization of this observation, without ap¬ 
proximation, is not difficult. From the complete in¬ 
teraction for quantized protons, electrons and photons, 


L' = iAje y u * p ♦ e 

(where the limiting behavior of the previous chapter 
which defines the proton and electron currents is sup¬ 
pressed), one constructs the complete generating func¬ 
tional 


N(e + P) z {j u . VVVV 


exp[i 


n G 

e e 


1 6 


"e * 1 


i l' n p G pfrfe. 


"p 


♦ L 


1 6 1 

T «3J 



Functional differentiation with respect to n and 

n p , followed by the replacements n = n = 0^ yields 

an exact statement for the remnant of the generating 
functional representing a single proton and arbitrary 
numbers of electrons and photons. 


N(e+p)Z lp 



jD c j]-exp[- 


4 

1 

2 


!a d c lx ],G D (x -yi A ) 


’ ^(i/n e G e [A]n e ♦ L g [A] ♦ L p [A]), (5.7) 

wh e re use h a S been made of (3.61). With the aid of 
(3.67), this can be put into the convenient form 


N(e+ P) Z lp = ex P[j JjD c j] *exp[-i| -A- D c 


6A. 


-] 


- ex Pt- f J ^ ^-J.Gpfx.ylAp. 


•exp L p [Aj] 


exp 


J_ D 6 
[ 2 J «A 2 D C 6AJ 


' ex p(i/n e G e [A 2 ]n e+ L e [A]j} 


VV A ' 


(5.8) 


Because the approximate proton propagator of (5 3 ) 
is a retarded function in configuration space, it fol- 

1 l that L p[ A J» defined in terms of trace operations, 
mcsc vanish; and in this case, N(e*p) N(e). Further 

S! *f fe « ° f . the self-linkage operator on the proton ” 

factor funCtl0n Wl11 be t0 “ultiply the latter by a 


exp[- y e 2 I dc 

y. 


0 


dn D c (3;C-n)]. 


(5.9) 
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Using the symmetry of D c (x-y) under interchange of 
its arguments, (5.9) may be rewritten as 


- I e*(x 0 -y 0 )C2.) 


-3 


f d 3 k 

i ... - 

J k 2 


ie* 


(2*) 4 j 


d 4 k 

1 

k 2 +u 2 -ie 

k -iej 
0 


2 - ik o ( V y o) 

[1 - e J, 


(5.30) 


where dependence on a small "photon mass" has been in¬ 
troduced in order to avoid the infrared difficulties 
which almost always require special attention; the two 
ways in which that problem is circumvented--retaining 
a small photon mass until the last step oi any S-matnx 
calculation, or the use of the Yennie gauge in which 
the asymptotic condition for Fermion fields is not ex¬ 
plicitly violated--wi 11 be discussed in Chapt-_ * ... 

Here, it is sufficient to note that (5.10) takes the 

-i6M(x -y ) + in Z^ in the limit 
° ° ,(p) 


are divergent con- 


simple form -v- 0 , 0 

x -y -*■ », where 6M and 
stants, easily recognized in (5.10). to which an inter¬ 
pretation must be given: l!* J renormalizes (i.e. 

multiplies) the proton’s wave function by a (gauge- 
dependent) factor, thereby expressing the existence of 
all self-processes; while oM is a mass shift of the 
heavy 6 proton due to a self-interaction with its photon 
cloud. The combination M+6M = mp will be treated 

the physical, or renormalized proton mass, and (5.8) 

written as 


■iplvv 


izJ P h(Pr)e ^ pV ° yo) Z{j w .n e .n e ;A eff ). 

(5.11) 


where Z{j ' vV A eff > denotes the exact generating 

functional for interacting electrons and photons aoving 
in the Coulomb field (5.6), 
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N (e)Z{ j #n e ,n e ;A e ^} » exp[y 

• exp{i/nG[A>A eff ]Tv»-L e [A+A eff ]}. 

(5.12) 

The generalization of (5.12) to several massive protons 
is immediate. A far more difficult task is the devel¬ 
opment of proton recoil corrections to this limiting 
case, especially when the effects of strong interac¬ 
tions are included. 2 

B. Green's Function Equations 

In the first sentence of Chapter 1 it was stated that 
quantum field theory may be described as a theory of 
coupled Green's functions and it is most appropriate 
to exhibit such relations directly from the formal so¬ 
lutions for the generating functional. The latter have 
been constructed using the input information of field 
equations plus equal-time-commutation-relations, and 
are therefore equivalent to, if somewhat more conven¬ 
ient than the more conventional derivations of the re¬ 
lations between multi-point Green's functions. 

One begins by defining the different n-point func¬ 
tions 


jD j]-exp[- j 


— D —] 
«A e f, A J 


Spx-y) = i<(>Kx)JCy)] + >, (S.13a) 

V w (x,y;z) = <0Kx)i(y)A y (z)) + >, (5.14a) 

M pv (x,y;zi,z 2 ) = <(-Kx)*(y)A w (z 1 )A v (z 2 )) + >, (S.lSa) 

etc., and giving their corresponding functional repre¬ 

sentations, 

Spx-y) = G(x,y|i| J )N- 1 exp L[± jj.] . 
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jD c j] 


3-0* 


(5.13b) 


V w (x,y;z) 


exp [j 


i6TW G ^- y| rfr )N ' 1 exp l[ t^- 


• exp [j 


jD c j] 


j=0 * 


(5.14b) 


M 1 v (x ’ y: V z 2> * T 6TTIp ’ T «I7Ip G ^ x ’ yl i «j )N X ‘ 


• exp L[y * ex P ij l D c il 


j=0* 

(5.15b) 


The prime on S^. indicates a completely "dressed, 
although unrenormalized fermion propagator, which by 
translational invariance is a function of the differ¬ 
ence of its configuration space coordinates; the same 
remark applies to V y , M yv and all the other n-pomt 

Green's functions. With the aid of the integral equa¬ 
tion, itself just an expression of (3.71), 



♦ ie 


S c (x-z)y • 


I 6 

i <5j U) 



(5.16) 


relations between each of these Green's functions may 
be obtained. For example, (5.13b) can be converted 

into 


S^(x-y) = S c (x-y) ♦ ie 


S c (x - 2 )Y vV 2,y;z)l 


(5.13c) 


when use is made of (5.14b) and the definition of N 
In a similar way, taking into account the dependence 
of L[A] on even powers of A, one finds 
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» 

V p (x,y;z) = ie s c ( x " z 1 )Y g M oij (z• ,y; z ,z ’) (5.14c) 

while an analogous relation exists expressing the four- 
point function M pv in terms of S c , the dressed pho¬ 
ton propagator and the five-point function of 

two external fermion and three boson lines M The 

. . _ u vX * 

resolution of these equations is the central problem 

of relativistic field theory; and all of the models 

presently known may be understood as approximations to 

this sequence of exact Green's function equations. 

There are two aspects concerning the manner in which 

n-point functions acquire structure which are worth 

mentioning in this discussion, the generic form of the 

two-point propagator functions, and the way in which 

the latter enter into the structure of all the higher 

n-point functions. The propagators in QED, and 

D c,uv ma y be bitten in terms of the very-well-known 

Lehman-Kallen representation; the latter is most easily 
derived for a scalar. Boson field 3 

= 1< [A(x)A(y)) + > = d< 2 p(K 2 )A (x-y; k 2 )(5.17a) 

o 


or its momentum space transform, 

OD 

^(P) = d« 2 p (< 2 ) (K 2 +p 2 -i e ) -1 f 
o 


(5.17b) 


where the spectral function p(< 2 ) is defined by 

P( " P n ) = 1 in < 0 I A C°)|n > IN | 2 > 0, (5.18) 

and A c (x;k 2 ) denotes the free particle propagator of 
mass < 2 . In (5.18), denotes the total four-mo¬ 

mentum of the n-particle state |n> JN . Aside from 

questions concerning the existence of the integrals in 
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(5.17), this representation follows from translational 
and Lorcntz invariance. In a theory containing a sin¬ 
gle mass m, identified with the renormalized, or phy¬ 
sical mass of the particle one is trying to cescnbe, 
p (k 2 ) takes the form 

p (< 2 ) = Z6(>c 2 -m 2 ) ♦ 6(< - [m+6])o(*: 2 ) , (5.19) 

where Z denotes the wave function renormalization 
constant, and o( K 2 ) is the spectral function o. rel¬ 
evance for k 2 values exceeding the continuum thresh 
old (m»6) 2 . A relation similar to (5.17) holds for 
everv two-point function; in particular, the dressed 
commutator may be represented in terms of a similar m 
tegral over the free-particle commutator of mass k , 


A’(x-y) = 


00 


d < 2 p (x 2 )A(x-y;ic 2 ). 


(5.20) 


Application of the ETCP. (1.3) then generates the sum 
rule 


1 = [ d< 2 p (* 2 ) > 


(5.21) 


J 


, • n < 7 < 1 In model calculations, one 

typically finds divergences in the computations for 

Z" 1 but these constants have the pleasant property of 
being removed in the redefinitions « hlch accompany re- 

normaiization. Similar representations hold for tthe 

transverse part of the pnoton propagator (.defined in 
the next section) and for the fermion propagator (here 
a pair of spectral functions is required).with con- 
stants Z 3 and Z 2 , respectively; the reader is in¬ 
ferred to the very standard and numerous 
which exist on this interesting subject. The obse. 
vation to be noted here concerns the limit 

lim A' (x-y) s. Z lim Ajx-yjm 2 )* 
x-y— 


• » ( 


(5.22) 
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where the neglected terms on the RHS of (5.22) vanish 

faster than the exhibited free-particle propagator, if 

6 of (5.19) is > 0. (An example of this may be seen 
in (5.10).) 

The second observation of interest here is expressed 
by the statement that every connected n-point Green's 
function, n > 3, has a dressed propagator of appropri¬ 
ate particle type at every leg, or external line; e.g., 
the momentum space vertex function of QED may be writ¬ 
ten as 

VP,P’;k) = S'(p)r v (p,p';k)S'(p') . D'^ v (k), 

with r v the sum over all proper vertex parts (those 
not containing the self-energy structure already in 

each S' and D^). Each such propagator contains a 

one-particle-of-physical-mass pole term, multiplied by 
its wave function renormalization constant, plus the 
continuum part of the propagator; and only the pole 
contribution of each propagator remains upon calculat- 
lng ( 2 h 29 ? aSS " She11, am P utated » S-matrix elements, as 


C * — au £ e Transformations and the Ward Identity 

The generating functional of (3.74) has been discussed 

m the Feynman Gauge, where D = 6 D In thi«; 

C,yv yv c # 

S .h Ct h° n ’ the so ‘ called general relativistic gauge in 


D (x) -*• D 
c,pv v c,pv 


(x) + 3 3 M (x), 
W v c 


with M c (x) an arbitrary, causal, invariant function 

of x 2 , will be studied in order to be able to define*' 
gauge transiormations of the third kind,” the chanees 
m the multipoint Green's functions, as M changes 


to 


M ♦ 
c 


Ahl , with AM 


c , - “* c not necessarily small. The 

physical content of the theory remains unchanged by 
such transformations, although certain calculations 
are simplified in a specific gauge. 
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It is convenient to begin with the free photon prop 
agator written in the general form 


D = EL D + 3 3 M 
c,pv pv c p v c 


where n denotes the transverse projection operator 
pv 


6-8 3 (3 2 +ie) 
pv p v v 


“ 1 • D m a n D and D (L ^ = 3 3 M 
c,pv pv c c,pv p V c 


are then the transverse and longitudinal parts of the 
propagator, respectively. This decomposition is quite 
general, and may always be effected with the aid of the 
projection operator which extracts the transverse part 
of any symmetric tensor Q yv upon which it operates, 

0 ^ = y n . In such an arbitrary gauge, the gen- 

x pv J pA x Av 

erating functional of QED may be written as 
NZ W = exp|i/nG[i |j]n ♦ U 7 fyl ' 


exp[- £ J(V w )M c C9 v j v )] * 




(5.23) 


where a double integration-by-parts has been performed 
on the M(x-y) dependence of the photon propagator. 
Because of current conservation expressed by (3,83), 
and the relation (3.87), it is easy to see that 



ILl 

i 6j * c^q. 


= 0 , 


(5 o 24) 


which means that the longitudinal M c dependence of 

the photon propagator is unchanged by the QED interac¬ 
tion. Equation (5.23) may be rewritten m the form. 
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N2 


CM) - exp|i/nG[-i IjJnj • exp[- i J(3j)M e (3j)] • 
• ex P L tr |j] * exp[i 




(5.25) 


but no further formal manipulation is possible since 
$y]> ^ 0; that is, each n-point function must 

be considered separately. The simplest example is 


D' (x-y) = i —-_^_ 2CM) 

c ^ v i «j (x) 6j (y) 


n=n=j=0 


°c! T ul^ + M c ( x -y). 


(5.26) 


which again states that only the transverse part of 
the photon propagator is dressed by a conserved-current 
interaction. Only this portion of the propagator need 
be renormalized; and indeed, the common multiplicative 
renormalization is only valid in the Landau gauge, 
where = 0. Under a gauge transformation, 

M + M ♦ AM, one then has 


AD 


c,yv« = ^cW- 


(5.27) 


All the M c , or AM^ , dependence can be exhibited 
for any n-point function. For the electron propagator 


one constructs 


S’(x-y) 


1 


(M) 


i <5n(x) <5n(y) 
1 6 


n=n=j=0 

G(x,y|i|j)exp[- i (3j)M c (3j)]N _1 


exp L[ r 


6J 


JD e m j] 


(5.28) 
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With the aid of (3.89) and the statement (Appendix J) 
that 


6A(z) 


♦ 5 Z 


p 6A^(z) 


■]G (x ,y iA+oA) - 0, 


simple differentiation yields 


[3 


-— r , G(x,y|A)] = -ie[6 (x-z)-4(y-i)]G(x,y|A) 


u 6A y (i) 


(5.29) 


where the commutator on the LHS of (5.29) is written 
to denote the functional differentiation of G(x,y|A) 
only, in case there are other functionals of A pre¬ 
sent. Interchanging A and i |y , (5.29) is equiva- 
lent to 



-e[6(x-z)-6(y-z)]G(x,y| 


lb 

i 6j' 


» 


(5.30) 


a result which may also be obtained directly from the 
differential equations for G, and the easily verified 

relation 


6 G(x,y[A) = ieG(x,z| A) y G(z ,y | A) . (5.3 

6A fzj M 

U 

With (5.30), one is in a position to pass the M c 
dependence of (5.28) through G[ r jyj and evaluate 
the result. It is simplest to define the functional 


F(X) = G(x,y|i| y )exp[- | x[oj)M c OJ)]F{j>, (5-32) 


and construct the differential equation for F’(A), 
with the boundary condition 
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F(0) = G(x,y |i ■—-) F{j }. 

One has 

F'(A) = - i JduJdvM c (u,v)[G(x,y|i|j.),3j(u)3j(v)] • 

* 

• expf- i A (3j )M (3j ) ]F{j } 

“ J |( 9 j)M c (3j)«F(X). (5.33) 

Using (5.30), the commutator of (5.33) is evaluated as 
{e 2 [6 (x-u)-6 (y-u)]• [6(x-v)-6(y-v)] - e[6(x-u)-6(y-u)] • 
•3j(v) - e [6 (x-v) -6 (y-v) ] • 9 j (u) } G(x,y|±|y), 
which yields 

F'(A) = {-ie 2 [M c (0)-H c (x-y)] + iejsj (w) [M c (x-w)-M c (y-w)] 

. 

- J JC3j)M c (3j)} F(A) , 
and may be integrated immediately, 

F(A) = exp{-iAe 2 [M c (0)-M c (x-y)] ♦ iAe|[3j (w)] [M c (x-wJ ♦ 

- M c (yw)] - 7»|(8j)M c (3j)}G(x.y|{.|j.)F{j}. 

Setting \ = l and j = 0 wherever possible, (5.28) 
may be rewritten as v ; 

S'(x-y) = exp{-ie 2 [M c (0)-M (x-y)]}G(x,y|ii^) N ’ 1 . 
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exp L tr fj] ' ex p^i 


JD e m j] 


(5.34) 


or 


m^o 


= exp{-ie 2 [M c (0)-M c (x-y) ] }S^. (x-y) 


M=0 * 


(5.35) 


which is the desired result. Under a change of gauge, 
M -► M ♦ AM, (5.35) is equivalent to 


s;(x-y) 


M+AM 


exp{-ie 2 [AM c (0)-^M c (x-y)]}S^.(x-y) 


M* 


(5.36) 


and it is now necessary to assume that AM C has been 
sufficiently regularized to be considered finite; for 
example, if 


AM (x) = EA 2 


d^k e 


* 


ik-x 


[k 2 +A 2 -ie]~ 3 , 


where A is a regulator mass, and £ a dimensionless 
constant, then MJO) = i(* 2 /2K, while AM^x) van¬ 
ishes as 1x 2 i + ». Because the wave function renor¬ 
malization constants are associated with the mass shell 

singularity of S^(p), one expects the configuration- 
space relation analogous to that of (5.22), 

lim S’W'v.Z lira S(x;m) (5.37) 


which permits the identification 

(M+AM) . Z (M) -ie 2 AM(0) (5.38) 

z 2 " 2 

It must be emphasized that (5.37) or (5.22) require 
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6 > 0 in (5.19); otherwise, the simple momentum-space 
pole structure may be masked by a cut. The equivalent 
statement in this formulation of QED is that the photon 
is assigned a small mass 6, which is retained until 
the S-matrix elements and transition probabilities have 
been computed. From (5.38), one sees that Z 2 is a 

gauge-dependent constant, in contrast to the gauge- 
independent appearing in the Lehman representation 

for iv CT) (p). 

By means of a calculation entirely analogous to that 
which lead to (5.36), the gauge dependence of any n- 
point function may be obtained. For example. 


v (M+AM) 
U 


Cx,y;z) 


{V u C %x,y;z)-ieS^%x-y) • 


• [AM(x-Z)-AM(y-z)]} • 


• exp{-ie 2 [AM(0) -AM(x-y)]}, (5.39) 


and 


G (M+AM) ( 

1 rrY; 


G(N 1 )(x i y i ,x ^ y 


2'2 




• exp(-ie 2 [2AM(0)-AM]}, (5.40) 


where 

G(x l y l’ x 2 y 2 ) 5 *= (^CXj)^(y 1 )4'(x 2 )li-(y2)) + > . 
and 

AFT = AM^-y.) ♦ AM(x 2 -y 2 ) ♦ AM(x^) + AM^-y^ 

- AM(x 2 -x 2 ) - AM(y x -y 2 ). 

Again, the AM(0) terms are to be interpreted as 
changes of Z 2 factors, in the manner of (5.38), while 
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the extra configuration space dependence represents the 
actual changes in these gauge-variant Green’s functions 
That the S-matrix elements constructed from them are 
gauge invariant may be understood by observing that if 

the renormalized G^ = Z* 2 G (M) J>f (5.40) has mass 
shell poles in each of the four propagators asso¬ 

ciated with each of its external legs, the renormalized 

(M+AM) will also _ The latteT may be written as 

R 

G W + RG W t where R(x 1 ,y 1> x 2> y 2 ) denotes the re¬ 
mainder of the expansion of the exponential configura¬ 
tion space-dependent AM terms of (5.40), 


R = exp[ie 2 AM] - 1. 


If SJ M) has mass shell poles in every leg, RG^ M) 

general will not, and hence will contribute nothing to 
the S-matrix element, since amputation is an intern,edi- 


m 


(M) 
R 


may 


tne D-nwuiA ex®...*,..*, - fM*AM) 

ate and crucial step. Thus G R and G 

be expected to yield the same S-matrix elements. 

The Ward-Takahashi identities are easily derived 
from the computations of this section, and are illus¬ 
trated in the simplest way. From (5.14b) one has 


V (x,y;z) = iG(x,y|-r- ■jj)n exp L[. 


1 6 


, 

D c uv (z-z')j v (z')-exp[|- jD c j]| c , (5.41) 


and upon defining the Klein-Gordon amputated function 

V y (x,y;z), 


V (x,y;z) 
V 


d (i-z')v (x,y;i'), 

C,V1V V VI 


(5.42) 


one has 
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'px.yji) = iG(x,y|J| J )N- 1 exp L[± jrf • j (z) 


fij 


• exp[| jjD c j] 


o’ 


from which follows 


"V u (x,y;z) = i G(x,y|i| J ).3 j ( 2 ). N - 1 exp L [i|j.] 


• ex Pfy fjDJ] 


(5.43) 


when use has been made of (5.24). Rewriting ( 5 . 43 ) 
with the aid of (5.30) and the identification (5.13b) 
one obtains the configuration space statement of the 
Identity relating vertex and fermion propagator, 

3 *V X ’ y;2} = - ie [-5 Cx- 2 ) - <5(y-z)]spx-y). ( 5 . 44 ) 

Introducing the Fourier representations, 
spx) = (2»)- 4 jd-Q S-(Q) e iQ ‘\ 

V/x.yjE) = (27T)' 8 |dpJdq|dk^(q,p;K)e i f t »‘ x+ P') ,+k- ^ i 
one obtains in momentum space 

Vpq.pjk) = e «(q*p*k)[%(q) - %(,*)]. (5.45) 

If a vertex function r v (more properly a form factor, 

ut one with the same longitudinal part as the proper 
vertex function) is introduced according as 

V<i.p;iO = scq+p^spqjrpq.pjkjsp-p), 

(5.45) may be rewritten as 
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(q,q*k;k) * e[S^.(q+k) 1 2 3 4 - s ^(q) 1» (5.46) 

which represents the "integral" form of the W-T Iden¬ 
tity. 5 The original "differential" form given by 
Ward 5 is obtained by calculating 3/9k y of both sides 
of (5.46), and then setting k * 0, 


r y (q,q;0) 




(5.47) 


From (5.47) there follows the equality of Zj and Z 2 , 
since the former is conventionally defined by the rela¬ 
tion 


r y (q,q;0) 


mass 

shell 


ie V 


-1 

1 


» 


while near the mass shell, rq = i m > 


(5.48) 


^ r • l-l 

S'(q) ^ Z 2 [m*lY-q] . 
c * 

It is clear that a W-T Identity exists, in QED, for 
every n-point Green's function which displays an exter¬ 
nal photon index; each such function is then related, 
by statements of the form (5.46) to other m-point func- 
tions, with n > m. These identities can be a superb 
Mofoilpd commit ations. 
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PERTURBATION EXPANSIONS 


That systematic approximation to any n-point function, 
in powers of an assumed small coupling constant, is 
now described with the intention of illustrating per¬ 
haps the single most familiar method of approximating 
Green's functions. The mathematical convergence of 
the different perturbation series so obtained remains 
a matter of speculation (and is probably not true); 
however, these forms possess a definite limiting rela¬ 
tionship to phenomenological (e.g., Regge) models, 
while maintaining a direct relevance to recent experi¬ 
ments which test QED at very small distances. 

A. Connectedness and Irreducibility 

Examination of the perturbation constructions ir field 
theory has lead to the concept of connected n-point 
functions, for it is in terms of these quantities that 
the expansions of Z, or S, are most succinctly given. 
The situation may be simply illustrated by writing the 
first few perturbation terms representing the expan¬ 
sion of the 4-point function of a self-interacting bo¬ 
son field A(x), and then inferring the general form 



( 6 . 1 ) 


Here, M denotes the connected part of M, while the 
remaining terms on the RHS of (6.1) are the disconnec¬ 
ted parts; in the latter, J denotes the three neces- 

P 

sary boson permutations of the coordinate indices x.. 
It should be noted that these disconnected terms do 1 
not contribute to the corresponding S-matrix element, 
since they are removed when mass shell amputation is 
performed on all four coordinates; for higher n-point 
functions, n > 8, disconnected terms can contribute 
to the final amplitude. 

One definition of "connected" is that with respect 
to the separation of any pair of unequal configuration 


Chapter Six 


92 


space coordinates, say x and y, as (x-y) 2 ** ® 
connected part of the amplitude will vanish at least 

as fast as exp(-u[ (x-y) 2 ] 1/2 ), where p denotes the 
smallest mass in the theory; which is to say that all 
unequal coordinates of a connected, unrenormalized 
configuration space amplitude are linked by at least 
one propagator. Repeating the perturbation construc¬ 
tion which lead to (6.1) for higher n-point functions, 
one finds that the general relation between the com¬ 
plete n-point time-ordered Green's functions and the 
corresponding connected functions may be expressed by 
the simple functional statement 


Z{j} = exp Z C {j}, (6.2) 

where Z C {j} denotes that generating functional whose 
differentiation yields all the connected amplitudes. 

One construction of (6.2) is given in Appendix L. In 
principle, ( 6 . 2 ) provides a large economy in the amount 
of effort which must be expended to calculate S-matr^x 
elements in any perturbative, or graphical scheme. Un¬ 
fortunately, however, formal functional constructions 

exist for Z, not Z . . .. tVl _ t 

The concept of irreducibility is essentially that 
of a refinement, or delineation of the possible forms 
which connectedness may take. One identifies all th 
one-particle structure (grouped together in completely 
dressed propagators) which may link a pair of coordi¬ 
nates and denotes all remaining structure by the 
phrase "one-particle irreducible." Of the latter one 
isolates all terms in which any two coordinates are 
linked (in parallel, not in series) by a pair of 
dressed propagators, and calls the remainder (two-par¬ 
ticle irreducible," etc. In terms of momentum space 
Feynman graphs, one-particle reducible refers to all 
graphs which may be separated into two distinct parts 
by cutting a single internal line (propagator), while 
two-particle reducible identifies those graphs which 
may be separated into two distinct sections by cutting 
a pair of lines, etc. This decomposition has been de¬ 
veloped especially by Symantik 1 and by Taylor, and 
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used by them to construct equations of the Bethe- 
Salpeter type for quite general processes. An elegant 
way of extracting all one-particle irreducible struc¬ 
ture by means of a functional Legendre transformation 
has been described by Zumino,^ in connection with an 
exposition of symmetry and generalized Ward Identities. 

B. The Born (Tree Graph) Functional 

That approximation in which every n-point function of 
a specific theory is replaced by its lowest-order per¬ 
turbative approximation (and pictorially represented 
by the so-called tree graphs) may be most succinctly 
defined in terms of an approximation to Z, or to Z c , 
from which all virtual-closed-loop structure has been 
discarded. For simplicity, again consider the self¬ 
interaction of a scalar boson field A(x) defined by 
(3.1) and (3.2) with n = 3, and write the functional 
differential equation for Z c {j} = in Z{n); from (3.8) 
this is 


K 


I 6 

x i 6 j(x) 





S 2 Z C 


(x)-Sj(x) 



(6.3) 


which, together with the boundary condition 

6Z C /6j| j=0 = 0, 

may by simple functional differentiation be used to 
generate a differential equation (in the x-variable) 
for every connected n-point function. As in Chapter 5, 
Section B, every n-point function will be related to an 
n+l-point function, expressing the complexity (i.e., 
the virtual structure) of the interaction; and a brief 
inspection of (6.3) shows that such complexity is due 
to the presence of the term 6 2 Z c /6 j(x)*6j(x), which 
contains one more functional differentiation of Z c 
than appears on the LHS of (6.3). Hence, the approxi¬ 
mation which neglects this term, 
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K 


I 6 

x i 6j(x) 





(6.4) 


may be expected to generate the tree-graph structure 
appropriate to this interaction. With the notation 



1 _ 

i 


6Z 


B 


6j(x) 


9 


and the corresponding n-point functions given by 



1 6 

s mmm _ - - — • • • 

i 6j(Xj) 


6 i (x n } 




one functional differentiation of (6.4) yields 
K x T^(x,y|j) = 6 4 (x-y) - gT^(x.y|j)T^(x|j). 


(6.5) 


and, with Tg(x) * 0, produces K x Tg(x,y) = 6(x-y) or 
Tg(x,y) = A c (x-y). Operation by K" 1 upon (6.5) gen¬ 
erates 


ig(x,yIj) = A c (x-y) - gJdx'A c (x-x')T'(x'.y|j)t®(x'|j). 

( 6 . 6 ) 


which has the pictorial representation 
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where each blob (^) denotes ig(x|j) and is subject 

to further functional differentiation, producing the 
higher n-point functions of this approximation. 

For the more general interaction (3.2), identical 
remarks may be made for the solutions to 


K i “ B 


x i 6j (x) 


= j(x) - 


JL 


(n-l)l 


n-1 


6Z c b in-l 


[«JTxTJ 


(6.7) 


or, still more generally, for the solutions to 


K 

x i 6j (x) 


= 3(x) ^ 


3L f 


9A(x) 


1 _ 

i 


6 Z 


B 


6 j (x) 


( 6 . 8 ) 


1 {Z B 

Calling Hx|j) ! 


one recognizes (6.8) as 


the equation of motion for a classical field <t>(x) in 
the presence of an external source j (x). The question 
of relevance to quantum field theory of the solution to 
the classical, nonlinear equation of motion has fre¬ 
quently been raised, and here finds an answer: with an 
external source, it defines the Bom functional, whose 
n-point functions generate all the tree-graphs. 4 

If one follows factors of fi through the preceding 
analysis, inserting an Ti in the definition of L 

(so that h" 1 /d 4 xL{A} is dimensionless) and in the 
fundamental commutation relations (1.3) (and thereafter 
a factor of fi appears in every propagator), the ori¬ 
ginal equation (3.8) is changed to read 


6 Z 


K I_ 

x i 6j (x) 


- ttj(x)-Z - y-A 


(n-1)1 


I 6 

i 6j(x)J 


n-1 




(6.9) 


with formal solution 


t r 


NZ = exp[i • exp[|lijjA c j). (6.10) 

Changing to the variable j * (x) = fij (x) , and rewriting 
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Z c {j} as i Z c {j'}, it is easy to see that (6.8) is 

obtained, in terms of the variable j ' , with all con¬ 
tributions previously omitted in the passage from (6.3) 
to (6.8) vanishing in the limit fi -*■ 0. In this sense, 
the tree graphs represent the "classical" part of every 
amplitude (but with y -*• yc/tf unchanged!). 

The Born functional may be obtained in the Nambu 
manner 5 by approximating that functional Fourier trans¬ 
form which expresses the formal generating functional 
in terms of Feynman's functional (path) integral. 



d[<i>] exp[iw(4 >}]. 


( 6 . 11 ) 


a representation easily obtained, as in Chapter 4, from 
(6.10). In (6.11), W{} represents the entire action 
function, including the source dependence, 


W = 


d 4 x(L {$}♦/.' {$}+j$] , 


while N’ denotes an appropriate normalization con¬ 
stant. If the exponent of (6.11) is approximated by 
supposing that the integral is peaked when 

*(x|j) = <> 0 (x|j). 


w{$} £ WU Q ) + 






1 

* 2 


6 2 W 


dz 1 Jdz 2 6^(z 1 )6Kz 2 ) 6^z 1 )6^(z 2 ) 


4 « • • 


( 6 . 12 ) 


then the condition for an extremum, 6W/6<f> 




0 8 


o 


yields the classical equation of motion (6.8), with 
<j> 0 (x|j) = <J> (x| j). The functional integral of this ap¬ 
proximation to (6.11) still contains dependence upon 
♦ 0 (*|j)» which may be roughly estimated by retaining 
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only the quadratic terms explicitly written in (6.12), 
and then permitting the fields 6<t> = <fr-$ 0 to vary 

over sufficiently large values to apply the formulae 
of Appendix K, 


In Z{j} = Z c {j} a iw(* o (j}) - i Tr InU+D^), (6.13) 
where 


<x|il|y> = 6 (x-y) • 


,n-2 


Because <p Q is defined by 6W/6<|> 


*=4>, 


= 0, 6W/<5 j (x) 


is simply given by considering only the explicit j(z) 
dependence of W. Hence 


6W { 6 } 61 ° 

6j(x) = V x l j) = r ttw ; 


Q 

and since Zg and W are both to vanish when j -► 0, 
one has iw(4 > o (j}) = thereby re-identifying the 

first RHS term of (6.13). The remainder, nonzero for 
h i 0, represents a particular, model dependent form 
producing corrections to the tree graph amplitudes, 
whose singularities remain to be properly redefined 
(here, by the removal of tadpoles). Exactly analogous 
considerations may be carried through in the case of 
several interacting fields. A generalization of the 
Bom functional, with application to chiral symmetry, 
has recently been given by Wong and Guralnik. 6 

C. Lowest Order Radiative Corrections 

A very brief treatment of the simplest radiative cor¬ 
rections to S', r and D' of QED will now be 

c u c,vjv 

sketched, in order to exhibit the perturbative devel¬ 
opment directly from the generating functional. 

With the aid of (3.61), the formal expression 
(5.13b) for S' may be written as 
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S^(x-y) = exp[- y 


TK ° c i ] ' G(x ’ y|A) ' N " lexp L[A] 


A+0* 
(6.14) 


A further simplification into the groupings of Appen¬ 
dix I, as in (3.67), is useful in the general case; 
but to lowest order one may make the replacements 
L[A] -+ 0, N[A] -► 1, and expand G(eA) to order e 2 . 


S’(x-y) = exp[- i ^ D c f^]-{S c (x-y).(ie) 2 jdufdv 


■ • S c (x-u)yA(u)S c (u-v)y •A(v)S ( .(v-y)} 

(6.15) 


where terms of this expression odd in A may be 
dropped. It is clear by inspection that the quadratic 
A dependence of (6.15) will be replaced by a single 
photon propagator -iD c , originating in the linear 
term of the expansion of the exponential operator. A 
convenient way of describing this is to use the rela¬ 
tion 


exp[- i 


jk d c 


[A v M-i 


D >- y ) 6TT7T d4v]exp[ - I 


6 A c 6A J 


easily derivable from the Baker-Hausdorf forms of Appen¬ 
dix D. The result is 


(x-y) = S c (x-y) ♦ ie‘ 


S c (x ’ u)T y S c (u " v)T v S c (v " y) * 


• D^ V (u-v), 


(6.16) 


which may be given the pictorial representation 



(6.17) 


In this configuration-space Feynman graph, one denotes 
coordinate indices by labeled points joined together 
by lines which represent fermion or boson propagators; 
and all internal coordinates, such as u, v, \i t v are 
summed upon. Introducing the Fourier representations 
of Chapter 1, (6.16) may be written as 


s;(p) - s c (p) ^s c (p)r ( 2 ) (p)s c (p). 


(6.18) 


where £, 2 ^(p) denotes the e2 
fermion self-energy function. 


approximation to the 


£ m (P) ■ [ d4k S (p-k)y D^ v (k), (6.19) 

(2) (2n) 4 W 

and S’ (p) represents the complete momentum-space 
propagator, here approximated to include the simplest 
radiative correction. Momentum-space Feynman graphs 
are labeled by the momenta carried in each line, 

P 

p’ = p ♦ P-k 

P 

where one conserves four-momenta at every vertex, and 
sums over all internal coordinates. 

Had (6.14) been approximated to include terms of or¬ 
der e 4 , one would have found additional contributions 
to (6.20) of form 
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and it is the first of these, a so-called reducible 
self-energy terra, which when added to (6.20), 

s;(p) - s c ( P ) ♦ s c (p)i: ( 2 ) (p)s c (p) ^ 

♦ s c (p)z ( 2 ) (p)s c (p)2: ( 2 ) (p)s c (p), 

corresponds to the second iteration of the second-order 
irreducible self-energy part (6.19) in the relation 

s;cp) = [S c (p)- 1 -r (2) (P)]' 1 , (6.22a) 

and suggests the general form for the complete propa¬ 
gator, 

S'(p) = [S c Cp)~ 1 -j;(p)]“ 1 . (6.22b) 

Here, Z(p) denotes the sura over all irreducible self- 
energy graphs, Z = Z (2) ♦ Z (4) ♦ •••, with Z (4) given 

by the last three graphs of (6.21). The last graph of 
(6.21) is obtained by keeping the e^ order expansion 
of L[A] in (6.14). 

The evaluation of (6.19) may be found in standard 
references, and need not be given here. It may, how¬ 
ever, be useful to comment on the general form which 
follows from (6.22b), and in particular its relation 
to the Lehman-Kaildn representation mentioned in Chap¬ 
ter 5. For this it is convenient to consider S’ and 

Z as functions of the variable <d * -iy«p, and rewrite 
(6.22b) in the form 

S,1 2 (w) « [ra o -w-Z(uj;m o )] 



( 6 . 23 ) 
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where m Q denotes the "bare mass" parameter appearing 
in the Lagrangian, so that S c (p) = (m^iyp)’ . Ad¬ 


ding and subtracting E(m;m Q ) to the RHS of (6.23), 
where m represents the actual physical mass of the 
quanta of the interacting fermion field, one obtains 


S;M _1 = m o -I(m;m o )-u-[E(w;m o )-Z(m;m o )] (6.24) 

% 

The condition that S’(w) has a pole at w * m de¬ 
fines m in terms of m , 

o' 


m = m Q - E (m;m^), 


(6.25) 


or equivalently, gives m Q in terms of m; either way, 

this relation has little practical value because of the 
ultraviolet logarithmic divergence which appears in 
every order's perturbative approximation to E. These 
relations do provide a useful definition of Zthe 
residue of that pole, 



+ 


3E(u>;m o ) 

3u) 


» 

u)=m 


(6.26) 


which quantity also has a logarithmic divergence in 
every order of its perturbation expansion. 

The assumption that S^(w) has a single pole at the 

physical mass m is frequently made in another way, by 

the introduction of a mass renormalization counter term 

in the interaction Lagrangian. The difference between 

m and m is denoted by 6m » m - m, and the term 
o o ’ 

-m of L is rewritten as -m : J: - 6m : , with 

o o 

the 6m dependence included in the interaction part of 
the Lagrangian, 


L' -*■ ieijiyA^ - 6m:M: 


( 6 . 27 ) 


while L is now considered as a function of m. It 
o < 
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is easy to see that the exact generating functional, 

with S c (p) now containing m, rather than m Q , is 
unchanged, since 



Z 


and 


exp[ie 





•exp[-i6mj 


*«n 6n* J 


exp[i 


' 

1 

* 


nS c (m)n 



(6.28) 


exp[-i5ra 


6 _ 6 __ 
6n* 


exp[i 


nS c (m)n] 


= exp[i 


nS c (m)[l46mS c (m)] 



J 


(B o )n].(6.29) 


No infinite phase factor appears in (6.29) because of 
the use of normal ordering, as in Chapter 3, Section E. 
Treating 6m as a function of e 2 , one finds a some¬ 
what more complicated perturbative expansion of the 
Green's functions following from (6.28), with extra 
6m dependence entering every fermion self-energy ex¬ 
pression corresponding to the shift in nucleon mass, 
from Z(w;m 0 ) to E(w;m). However, (6.29) guarantees 
that S£(w) of (6.23) is unchanged, while 6m is 

again defined by (6.25); in terms of m, considered as 
a fixed, experimental parameter, this definition of 
6m reads 


6m = £(m;m ♦ 6m). (6.30) 

Radiative corrections to the vertex function may be 
obtained from the perturbative expansion of (5.14), 
written in the form 


V 

y 


(x,y; 






o 


• exp L[A] 


A-KT 


(6.31) 
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With the same neglect of closed fermion loops as in the 
preceding example, expansion of G(A) to order e 3 
generates the four contributions most simply represen¬ 
ted by the Feynman graphs 



(6.32) 


of which the second and third correspond to self-energy 
insertions in the propagator legs of this 3-point func¬ 
tion, while the first and fourth denote the lowest or¬ 
der and first radiative correction to the vertex func¬ 
tion r y , respectively. This is the simplest example 

of the general structure noted in Chapter 5, Section B, 
which may be pictorially represented by 




(6.33) 


and whose perturbation expansion reproduces (6.32) plus 
the lowest order closed fermion loop correction to D*. 

Writing = rj 1 ^ ♦ r♦ .... it is now a simple C ’ 
matter, from (6.31), to identify and verify tc 

this order the Ward-Takahashi relation (5.46). Inci¬ 
dentally, starting from the expression (6.32) for V 
one may employ the Green's function equation (5.13c) yi 
to generate the perturbation expansion of S' to order 

e 4 ; this involves about as much effort as directly cal¬ 
culating (6.14) to the same order. 
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Calculation of the lowest order radiative correc¬ 
tions to the photon propagator is of more than passing 
interest, because of the desirability of obtaining a 
gauge invariant result directly from the formalism. 
From the exact generating functional in the absence of 
fermion sources, 


NZ{j} = exp[y 


j ] * ex P[ 

J y C J v J 


2 


rr|— D yV 

6A c 


6A 


exp L[A], A = 


D c 3, 


it is easy to see that the formalism automatically pro¬ 
duces a photon propagator containing all iterations of 
the lowest order approximation to L[A], in the sense 
of (6.22a). Denoting the e 2 order approximation to 

L[A] by 


( 2 ) 


[a] = i 


AKA, 
y yv v 


and the corresponding NZ by N (2) Z (2) , there follows 
from (3.59) 


N (2) Z (2) * exp[| 


3 u D c Vj J‘ eXP[ I k [IC(1 -°C K) ] WvV 


exp[i Tr ln(l-D K)' 1 ], 


or 



( 6 . 34 ) 


Thus, the replacement L L (2) produces the dressed 
propagator 

D . = [D (1-KD ) -1 ] . 

c,yv c c yv 

corresponding to the complete iteration of this lowest 
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order, irreducible self-energy term. From the discus¬ 
sion of Chapter 5, Section C one expects and easily 
verifies the statement that a gauge invariant 
K = generate corrections to the gauge 


pv 


invariant part of the photon propagator only; that is, 

if D = n D +3 3 E and D' ■ n 9 F f 

c,yv pv c p v c c,pv pv c U v c* 

there follow from (6.35) the relations E* = E and 


D c " V 1 - 


-1 


(6.36) 


Because of translational invariance, K and D c and 
hence are functions of the difference of their 

configuration coordinates, with the consequence that 
(6.36) becomes an algebraic relation between the Four¬ 
ier transforms of these functions, 

D^k)' 1 = D c (k) _1 - K(k). (6 .37) 


In order to show that the proper gauge invariant 
structure of K yv does indeed follow from (3.87) and 

(3.91), one may equate the linear A dependence in 

the expansion of the latter to /K «A . or 

* pv v * 

K uv (x ' y) = " e JTT 7J ' { lim tr[ Y G(x,x'|A)J • 


• (6-38) 

The linear A dependence of the curly bracket of 
(6.38) is given by 


r x 

lim tr[y S (x-x')](-ie d£A(5)) 

X+ X 1 M J x ' 0 0 


(6.39) 


plus the conventional Feynman graph contribution 
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lira (ie) 
x-* x' 


d 4 y tr[Y S c (x-y)T*A(y)S c (y-x')] 


(6.40) 


The latter may be conveniently evaluated by introducing 

the Fourier representation A^(y) = Jd 4 kA v (k)e y , and 
employing the representations (1.11b) and (1.4a), with 


A c (z;m 2 ) = i(2*) 


-4 


da e 


-lam* 


d u k e' iak2+ik ’ 2 .(6.41) 


The k-integral is an elementary Gaussian, 
d-k e -iak 2 + ik-z . . e il2/4a . 


(6.42) 


providing the integral representation for the Bessel 
function of (1.4c), 


0 1 f°° da -iam 2 +iz 2 /4a 

A r (z;* 2 ) = —T “T e 
c 16 tt 2 o a 2 


(6.43) 


Substitution of S c (z) = (m-v3 2 )& c (z;>» 2 ) into (6. 
leads to 


40) 


4ie 


(16tt 2 ) 


2\2 J 


* 

d 4 kX (k) 

• OO 

dadb -i(a+b)m z 

V 

0 J 

a 2 b 2 


,4 ik-y 

O * • 


d H y e 


• < 




, (x-y). (x-y)„ 


y\>- 4ab 
• exp[i (x-y ) 2 


2ab 


w 




(6.44) 


Kith the aid of the integrals, easily obtained rrom 
(6.42), 


, i 

i A r 

d 4 y exp[ik-y ♦ j 

a b 


(x-y) 2 ] = 
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= 16tt 2 1 



2 

exp[ik*x-ik 2 



and 


d 4 y(x-y)^(x-y)^ exp[ik*y ♦ j 


r + fI^ 2 i 


ab 


= 16^2if|b ] 3 { 2i6 + 2k k 

(a+bj uv \i v|a+b 

• exp[ik-x - ik 2 [f^b]] 


one may rewrite (6.44) in the form 


e 

4*2 J 


d*kA (k)e ik-X 
v v J 


f OO 


dadb 
(a+b) 


^expt-i^^bj-iic^gpjj 


{6 [m 2 +k 2 * 


\iv 


ab i 

fbl 2 ' < a * b ) J + 


2ab 


(a+b) 


(a+b) 


- (k k -k 2 6 )}. 

2 P v pv' J 

(6.45) 

The familiar logarithmic and quadratic ultraviolet di¬ 
vergences of (6.40) now appear in the lower limit de¬ 
pendence of the parametric a,b variables, with (6.45) 
separated into explicit gauge variant and gauge invari¬ 
ant combinations. A final change of variable, a = xu 
b = yu. 


f oo 


0 / 


poo J * . t 

dadb = I udu dx 


dy 6(x+y-1), 


converts this into the somewhat more convenient form 


e 

4 7T 2 


/ 4 kA v (k)e lk x | f dy exp[-iu(m 2 +y(l-y)k 2 )] • 

'o 'n 
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• {s uv [m 2 +y(l-y)k 2 - i] ♦ 2y (1-y) (k^-k^)}. (6.46) 

To this result must now be added the gauge variant 
contribution of (6.39), whose evaluation is made sim¬ 
plest by the adoption of a straight line path between 
the points x and x' , s * x 0 * (1-X), and 


rx 


d W° = e a 


1 


dXA^ (X* +Xe) * c q 


1 


dXA (x-Xe), 
o 


with e = * 0 - x i* quantity tr[Y y S c (e)) is singu¬ 

lar as z /e 2 *e 2 , and hence those contributions enter¬ 
ing from y 



dC 0 A 0 CO) 


will be 


-ieje A (x) 
1 o o 


♦ 


1_ 

6 




2 A o (x)l, 


with overall odd e dependence discarded in this sym¬ 
metric limit. Introducing Fourier representations of 

A (x) and A , one obtains for (6.39) 
o K c 


ie 

( 210 “ 


d 1 *^ (k)e 
0 


ik-x 




-^2- tr[y (B-iyp)] 

• p 2 +m 2 





1_ 

6 



4ie 

(2n) 4 


d 4 k£ (k)e 
0 


ik-x 


4 



( 6 . 47 ) 
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An integration by parts before taking the limit e -*• 0 
leads to 



and the limit e ■+ 0 now converts (6.48) into the di¬ 
vergent surface integral, or equivalent volume integral 
obtained by carrying through the 9/8p differentia¬ 
tions of (6.48) with the symmetric integration replace¬ 
ments 


d, *P P y P/(p 2 ) 


T 6 
4 yvj 


d 4 p-p 2 f(p 2 ) 


y 


d 4 P-P y P v P x P 0 f(p 2 ) - 


d 4 p-p 2 p 2 f(p 2 ) 


{6 6 ♦ 6.6 +6 6 1 . 
yv Aa yA va po vr 




4ir 


j p2 

(m 2 +p 2 ) 2 


i k k [6 6 4-6 6 4.5 6 J f—1 [d 4 p • m ** \ 

3 vASv \a yA va ya vA^JJ* P (B 2^ p 2jii/ 


( 6 . 49 ) 

That divergent term independent of k in the curly 
bracket of (6.49) may be written as 
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• 

1 

6 -i 2 

r 00 . o 

. -ium^ 

udu e 


yo j 

0 


d“p e' iu P'V* 



fCO 


= -i6 


MO 


, 3 r l -lum 2 , 

du — [— e ] = 

du L u J 



i_ 

u 


u-K) 


(6.50) 


while the finite term, quadratic in k, is simply 


is- [6 k 2 ♦ 2k k ]. (6.51) 

18 L yo y a J 

The gauge variant portion of the corresponding part of 
(6.46) may be written as 


rl 


i6 


yo 


i* co 


dy 


du 


3 .1 -iu(m 2 +y(l-y)k 2 ), 

Ltt e J 


dU l U 


6 (m 2 ♦ — 

yo u 


u-K) 



(6.52) 


and one now verifies that the sum of (6.50), (6.51) 
and (6.52) is the gauge invariant combination 


i [k k 

9 1 y o 




(6.53) 


with the gauge variant quadratic divergence removed. 

In Feynman graph language, the k-independent part of 
(6.48) exactly cancels the k-independent quadratic di¬ 
vergence of this simplest closed fermion loop; but 
there remains in the once-subtracted Feynman integral 
a finite, gauge variant term quadratic in k, here re¬ 
moved by the corresponding portion of (6.48). Because 
the line integral 


([ -wo)* 


vanishes at least as fast as e 11 , similar considera- 
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tions hold for the closed fermion loop with four pho¬ 
ton legs, K pvXa , where the exponential line integral 
factor generates finite contributions needed for gauge 
invariance. Higher n-point amplitudes of this photon- 
photon variety (excluding vertex and self-energy inser¬ 
tions) are gauge invariant and finite, without the need 
for the line integral. 

Grouping the contribution of (6.53) together with 
the remaining gauge invariant part of (6.46), one ob¬ 
tains 

V k) = tv ^. 

with K(k 2 ) = -k 2 n(k 2 ) and 

JI(k 2 ) = ♦ V f^dyy(l-y) {[°° — e *i u [ m2+ y(l-y)k 2 ] + U 
2r 2 Jo J 0 u 3'* 

(6.54) 

and verifies that (6.54) leads to a dressed photon 
propagator, as in (6.37), of zero mass, since K(k 2 ) 
vanishes with k 2 . Near the mass shell, k 2 -v 0, 

(6.37) provides an expression for 

D'(k) * Z,/k 2 ♦ 


from wnich one may read off the photon's wave function 
renormalization constant Zj 1 of this approximation, 

here given by the real, positive, logarithmically di¬ 
vergent quantity 1+11(0). The inverse of this expres¬ 
sion, for Z 3 , contains all powers of e 2 and i$ some 

what deceptive, since the only input into the calcula¬ 
tion has been the e 2 dependence of L[Al; only the 
e portion of Z , 


Zj 2 - 1 = l-n (0) 






^6.55) 


o 
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will be unchanged when the higher-order terms of L[A] 
are included. It is not known whether the divergence 
of this gauge invariant quantity reflects the inade¬ 
quacy of the perturbation expansion or of the underly¬ 
ing field theory, but there is hope in field theoretic 
circles that the first of these possibilities is true. 

The total, or effective, current appearing as a re¬ 
sult of an external field A^ X *(k) is given by the 

sum of ? ext (k) = k 2 A 6Xt (k) and the induced current 
y y \ 

< j* (k)> , in which context—now that K (k) has 

y A ext A ‘Vext 

been shown to have the proper gauge structure-- A y 

may be taken to satisfy the Lorentz condition 
k A eXt (k) = 0. 

VI u 


Hence 

<3^ ££ (k)> = [l-n(k 2 )] j^ xt (k) 


or 


e< 3^ ff (k) > = [l-n( 0 )]e 3 ^ Xt (k)-[n(k 2 )-n( 0 )]ej y (k). 

(6.56) 

Since j eXt (k) is proportional to the electric charge, 

it may be written as eJ* xt (k) , where J® Xt is inde¬ 
pendent of e. With (6.55), to this order one renor- 
malizes the original coupling by writing 

e< 3* f£ (10 = Z 3 e 2 J® Xt (k)-[n(k 2 )-n(0)]e^ Xt (k). (6.57) 

and requiring the classical limit of QED: at distances 

» m' 1 (= -fi/mc, the electron Compton wavelength) the 
renormalized coupling must be identified with the clas¬ 
sical charge e . In momentum space this means 



(6.58) 


lim e <j r (k)> 
k-0 u 




ar.a comparison with (6.57) provides the identification 
e R “ e ^y t0 ^is order, (6.57) may be rewritten as 

e<J-f f (k)> = e 2 > Xt (k)-[n(k 2 )-n(0)] ej'® xt (k). (6.59) 

The Dyson-Ward proof that such absorption of fac¬ 
tors in the redefinition of physical charge may be per 

formed to all orders in e 2n is far beyond the scope 
of these remarks, and may be found elsewhere; 8 but it 
is difficult to avoid mentioning the lovely, qualita¬ 
tive argument due to Schwinger 9 which succinctly de¬ 
scribes the essential physics: Any "bare" charge e 
surrounds itself with an induced, or vacuum polariza¬ 
tion charge of amount (♦6e)+ (-6e), with the total in¬ 
duced charge zero. The +6e charge can escape to in¬ 
finity, leaving -6e behind at a distance 'v m" 1 
from e. If one observes the charge at distances 
>> m , one measures e-6e, and calls this the physi¬ 
cal, or renormalized charge e R ; but if one probes at 

distances smaller than m" 1 , one measures e, not e n 

and e > e . R* 

R 

In the difference u(k 2 )-ir(0) of (6.59), 

H(k 2 )-JI(0) = Si- f 1 dy.y(i- y) r du e -ium 2 . 

2ir 2 Iq Jq U 


. j e ‘iuy(l-y)k 2 _ 1 j ^ 


( 6 . 60 ) 


it is convenient to replace the square bracket of 

(6.60) by 


fdX 1- c -ikuk 2 y(l-y) 

J 0 oX 




carry out the 9/8X differentiation, then the f®du 

J o 
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integration, and finally the /*dX integration, in 
order to obtain the somewhat more familiar form 


- — ; dyy(l-y) £n[1+y (l-y)k 2 /m 2 ]. (6.61) 

17 J o 

Discussion of the applications of (6.61) and other ra¬ 
diative corrections considered in this section may be 
found in standard texts, along with "rules” for writing 
down arbitrarily complicated Feynman graphs. Such pre¬ 
scriptions usually conclude with the instruction to sum 
over all topologically distinct graphs. All such rules, 
including the last one, are quite readily obtained from 
the perturbative expansion of the generating functional. 

D. Renormalization Procedures 

The manner in which renormalization constants are re¬ 
moved from the generalized reduction formula of the S- 
matrix, (2.25), will now be briefly sketched, continu¬ 
ing with the example of (massive photon) QED. The 
connected generating functional 


Z^{j y ,n,n) = in Z{j y ,n,n) 


may be put into the form 

- ■ 


r 

• f"w • i 

j D' j + i 

C,pv j v J 

nS’n + i dVj n + j 

c J y u i 


nC^j j n ♦ ••• 
yv J v v 


nnM^nn ♦ 


( 6 . 62 ) 


where D*, S' denote the completely dressed, unrenor¬ 
malized propagators, and V y , M , C yv , are the con¬ 
nected vertex, lepton-lepton, and Compton scattering 
amplitudes, respectively. The latter three function^ 
contain dressed propagators of the appropriate type on 
each of their legs, which may be represented pictorial- 

ly by 
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wH ptp r — (c) 

e V > - U v ' represent the completely ampu- 
tated functions. 

it is convenient to define renormalized sources 








to remove the Z* 1 ^ 2 
products of (2.25), 


factors from the Wick-ordered 


S 

<S> 


; exp[A IN K 






(6.54) 


witn the Z factors now appearing in (6.62). With one 
minor qualification, these factors are just those re- 




116 


Chapter Six 


quired to convert the bare charge e to the renormal¬ 
ized charge e R = ((Z^Z^/zJ )e in every perturbative 

approximation to each S-matrix element. That qualifi¬ 
cation lies in the replacement Z^ ^ by 

a statement strictly true in the Lorentz (or Landau) 
gauge, where = n D£, for only the transverse 

part of the photon propagator is dressed by the cur¬ 
rent-conserving interaction. However, as noted in 
Chapter 5, Section C, the gauge dependent part of the 
photon propagator does not contribute to S-matrix ele¬ 
ments, which property remains true even when improper¬ 
ly renormalized. 

In terms of renormalized sources, the first and 
second terms of are 




c, yv 



♦ 


1 




while the third may be written as 




s ,( r ) 

c 



s ,w 

c 




C,uv 


j 


V 

R* 


where the renormalized vertex is defined as 

Z _1 r , with Z 1 given by (5.48) and equal to in 

QED.^ Similarly, the lepton-lepton scattering amplitude 
of (6.62) becomes 



while the perturbation expansion of T £ may be most 

conveniently defined by "fleshing in" those skeleton 
graphs obtained from the linkage of lowest order ver 
tex and propagator, 
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♦ • • • 


(6.65) 


Each contribution^ (6.65) may be written in terms of 
% « * s ; w. and then it is not difficult to 

see that T c involves only the renormalized charge. 


The same construction may be carried through for every 
process, leading to the well-known result that S/<S> 
depends upon the renormalized coupling only. 
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SOLUBLE MODELS 


Two exactly soluble models of quantum field theory have 
been constructed for the special case of zero-bare-mass 
in two-dimensional space-time. While the physical con¬ 
tent of such theories turns out to be rather small, 
they have provided examples of exact, finite Green's 
functions, and have lead to some interesting specula¬ 
tions concerning the definition of current operators. 
The emphasis here will not be on the latter, however, 
but simply on the models as examples of complete solu¬ 
bility. An example of the "numerical" models of Caia- 
niello is then briefly treated, and a comment made on 
the partially soluble Lee model, at the end of the 
chapter. 

A. Two-dimensional Electrodynamics 

This model was put forth by Schwinger 1 for the purpose 
of demonstrating that gauge invariance need not require 
a massless photon, a condition and result one might be 
tempted to associate on the basis of the previous per¬ 
turbation calculation. To obtain the generating func¬ 
tional (3.74), with the modification (3.91), one begins 
with the lepton, potential theory Green's function 
satisfying 

l YyO-ieA^Gfx.ylA) = 6 ( 2 ) (x-y), (7.1) 

where the restriction to zero mass is necessary for 
solubility. Although there is no bare mass in this 
theory, it should be noted that the coupling constant 
e has the dimensions of mass, in two-dimensional 
space-time. The index \i is either 1 or 4; and it is 
sometimes convenient to write y *3 = Y 1 3 1 n 4 9 4 , choos¬ 
ing Yi = 02 and y 4 = c 3 , the hermitian Pauli matri¬ 
ces with real elements. One expects a solution of 

(7.1) to be given in terms of the corresponding free- 
field propagator, 
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rx 
x 2 + ie 


(7.2) 


which may be obtained by elementary Gaussian integra¬ 
tion from the relations S c 15 -(y # 3) d c and 


D c (x) = (2*) 


d 2 k[k 2 -ie] 



ik-x 

e 


i -1 ix 2 /4t 

= -— | dt*t e 

4 71 I 
J o 

The latter representation is logarithmically divergent, 
but the difference D C ( X )“ D C ^ X 0 ^ * s as * s t ^ ie 

S c (x) of (7.2). . . . 

Because of the restriction to two dimensions, it is 

possible to find a solution based upon the ansatz 
G(x,y jA) = exp[ie(*(x)-*(y)]]*S c (x-y) , (7*3) 


where y3*(x) = y-A(x). This in turn means that 
( y -3) 2 i> = 3 2 iji = (t-3)y*A, implying the causal solution 


$(x) = 



(x-x'JCy-S^U-ACx'J), 


(7.4) 


where we do not bother to replace D c (x-x') by 
D (x-x’)-D (x -x'), since such subtraction is not nec¬ 
essary for C the finite exponential factor of (7.3), It 
is clear from the rules of differentiation of exponen¬ 
tials, that (7.3) and (7.4) provide a solution only if 
[3 <•>,*] = 0, which will be true if [Y y Y v ,Y x Y 0 J * 0 
This condition, false in four dimensions, is true 
since there are but two matrices, Y x and y 4 - 1 

the product y Y ma Y either 1 or YjY 4 - ‘Y 4 ^ 
each of which commutes with itself and the other « 
trix. Thus, in two dimensions, (7.3) with (7.4) * 
resents the exact, causal solution to (7.1). 




K)| *-* 
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It is now possible to calculate exactly the closed' 
loop functional L[A] defined by (3.86) and (3.91), 


L[A] = -i 


d 2 xA (x) 
P 


de' lim tr[y G(x,x , |e'A)] 
o x+-+x ’ ^ 


exp[-ie* 


, d W«l- 


(7.5) 


The space-like nature of the limit is guaranteed by 
first choosing x^ = x Q , and calculating (7.5) in the 

limit as x| *“*• x^. From (7.2) it follows that one 

need retain no higher than linear terras in = x^-xj 

arising from expansion of the exponential factor. 


= k 


d 2 xA (x)f de 1 lim tr 


V 0 


Y’E 


• {l+ie' Ej [3^ (x)-A 1 (x) ]} -— 


■ 1-1 


(7.6) 


Because the limit is to be taken symmetrically, all 
that remains is the finite quantity 


L[A] = 


ie- 
4 7T 


d^xA^OO tr[r (j (3 1 *(x)-A 1 (x))Y 1 ]. (7.7) 


From the defining equation for <*, it follows that 

Wtyv-Apirj] - -2[A-i a tr*]. 


while 


tr*(x) 


D c (x-x , )3^A o (x'); 
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and there then results the exact, and simple form 


L [A] = - | 


ie' 


d 2 xA (x)A (x) 
y V 


ie‘ 

2ir 


d 2 xA ,W n M v (J)A v (x) 


(7.8) 


where A T denotes the transverse part of A , 


Aj(x) = A u (x) ♦ 3 X 


d c (x-x')3;a o (x'), 


with 8 = 0. Assuming the A^ defined so that the 

partial^integrations common to four dimensions are per¬ 
missible, one finds < j p > A ^ A y » a Lorentz covariant 

and gauge invariant result. Because L[A] is a quad¬ 
ratic functional of A, while G[A] is given as the 
exponential of a linear form in A, all functional op¬ 
erations involved in the calculation of every n-point 
function may be performed exactly. 

It should be noted that the exponential line inte¬ 
gral used in the definition of L[A] is an essential 
ingredient in producing both a gauge invariant and 
Lorentz covariant result. Without this factor, a co¬ 
variant result is not automatically obtained, since 
<j > will then be proportional to e^/e , which 

quantity depends upon the way e vanishes. In the 
literature, this difficulty has been treated by adopt¬ 
ing a time-like as well as a space-like limiting proce¬ 
dure, replacing this quantity by one proportional to^ 

5 , a procedure which may be made to yield a property 

gauge invariant result, but brings into question the 

concept of a local Lagrangian. . 

The generating functional (3.74) may now be written 

down in terms of the solutions (7.3) and (7.8); for 
simplicity, subsequent calculations are performed in 
the Lorentz gauge, with D c>ijv = In the ab- 
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sence of fermion sources, n s n * 0, the functional 
takes the form 


Z{j} = N **exp[j 


r nD c ‘j] *exp[- J 


^ *nD It-] 
6A c 6A J 




(7.9) 


where [-e 2 /7i] denotes the unit operator, in configu¬ 
ration and \iv space, multiplied by the numerical 


constant -e 2 /*; again, A = /D^ v j . With (3.59), 
this is evaluated as u c v 


Z{j} = exp 




•nD j + 
C J 




(7.10) 

where N has been identified, in the limit of vanish¬ 
ing source, as 

N = exp|| Tr £n(l-D c [- (7.11) 

Combining terms in the exponent of (7.10), one finds 


Z{j) = exp[y 
with 


j*nA c «j], 


(7.12) 


^ C (P) = [P 2 



(7.13) 


In this exact, gauge invariant result of two dimen¬ 
sions, the photon has acquired a mass, e//v. The the¬ 
ory, however, is essentially a free-field one, since 
there are no connected photon-photon n-point functions 
for n > 2. Incidentally, upon supplying a momentum 
(A) and a configuration space (LT) cut off, the 
"vacuum-to-vacuum" amplitude of (7.11) may be shown to 
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be an infinite phase factor, 

. #1 ^ 

2 4 W 

N ^ exp[- (LT) du £n(-u) ]. 

8tt 2 o e 2 /* 

The corresponding calculation of the simplest fer¬ 
mion function, S^, is also immediate. With (6.14), 
one has 



4 


(7.14) 


with G[A] given by (7.3). Again employing (3.59), 
and the identification (7.11), one obtains 


S^(x-y) 

with 



f A *n 

U c 


uv 



s c (x-y). 


(7.15) 


f y (z) = Y-a z [D c (x-z)-D c (y-z)b y 

and A c given by (7.13). 

Evaluation of the exponential factor of (7.15) is 
not difficult, especially in view of the algebraic sim 

plifications of form 


l Tf w CY*a)Y y - 0, 

V 


peculiar to two dimensions. 





One finds 
1 

Q 2 *e 2 /«-ie, 
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a result which is completely finite, having no infrared 
or ultraviolet divergences. The integrals of (7.16) 
may be evaluated in terms of elementary functions; for 
x 2 > 0, one obtains 


ms-s; 1 ] - i [k o 




xe 

lAi 

| 

♦ Y ♦ in 

xe 

A 

s constant. 

As 


]. 


(7.17) increases logarithmically. 


(7.17) 

the RHS of 


S^(x) 



1/2 Y 

•e 1 -S c (x), 


(7.18) 


a behavior quite incompatible with that expected from 
(5.57). This difficulty is a consequence of the ab¬ 
sence of bare mass; a statement equivalent to (7.18) 

is that S'(p) does not have the pole structure 
? - 1 C - % 

^ (p z ) near p" = 0 as does S c (p), but rather a 

cut of form (p 2 ) * . It is then not possible to 

define an S-matrix in terms of asymptotic fields, for 
there is no gap (such as the 6 > 0 of (5.19)) between 
the pole and onset of the continuum. Because the form 
of (x-y) resembles that of (5.35), it is possible 
to define a gauge transformation of the third kind to 
a new gauge in which the exponential factor of (7.16) 
is exactly removed, and one clearly has a free-field 
result. Thus, if an S-matrix could be defined, it 
would be unity. 


B. The Thirring Model 

An economical way of reproducing all existing solu¬ 
tions to the Thirring model follows from the previous 
analysis. The Thirring Lagrangian is, in two-dimen¬ 
sional space-time, 3 




1 


(4>r u <P) (inr u 40> 


(7.19) 
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with g a real, dimensionless coupling constant. The 
generating functional of the problem, 


Z{n,n) 




(ni|*Jn) ])«.>» 


has the formal solution 


-1 r ig 2 


Z{n,n) = N" *exp[- 


■ 

6_ 6_] 

6__ 6_ 


,6n % 6nJ 

6n \ 6n. 


exp[i 


n S c n], 


(7.20) 


and may be rewritten with the aid of Birula’s trick 1 * as 


-7 X,“l 

Z = N *exp 


exp [i 


-l 


6_ 

6n 


-g 


63 

•V 


P 6n 


exp[i 


VJ 


' n S c nl ’[ j = 0 


(7.21) 


since translation of the ficticious source just serves 
to reproduce (7.20). However, one may first operate 
upon the n,n dependence of (7.21), obtaining 

Z = N’ 1 expji nG[i -|y]n *•* L[y $y] 1 * ex Ply | j=0 



_6 

6A 


6A 
v v 


* 

] - exp {i nG[A]n+L[A ]}| A=0 


(7.22) 


which closely resembles the QED generating functional, 
except that (i) the latter’s photon propagator D c (x-y) 

has been replaced by 6^5 (2) (x-y) , and (ii) one .has in 
(7.22) the instruction to let all photon sources vanisn. 

If the current operator, is properly define , 

so that current conservation is maintained, there can 
be no physical objection to including, in (7.Z1J, a 
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coupling of the current to arbitrary longitudinal 
source dependence. This corresponds to a gauge trans¬ 
formation of the third kind, replacing the factor 

r 



of (7.21) by 


* 



where 


n ,v = V<Ck 2 )Ck u k v /k2-ie) 

in momentum space or 


6 tiv' 5 ( ' 32 ) ( Vv /a2+iE ) 


in configuration space. For the moment, £ will be 

considered as a constant; for C = 1, * n 

the familiar projection operator. 

Equation (7.22) is then replaced by 



6 

6A 

u 





exp{i 


nG[A] n 



(7.23) 


and it is clear that all functional operations may be 
carried through for any n-point function, in a manner 
analogous to, and using the G[A] and L[A] of the 
previous section. For example, one easily obtains the 
relation corresponding to (7.16), 


in[S-.S^] 



-g 2 /» 

l+g 2 /w 


]-[D c (0)-D c (x-y)] p 


(7.24) 
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and may assign different numerical values to £ in 
order to reproduce solutions previously found and de 
scribed in the literature. 5 In particular, there ex 
ists a gauge defined by 



analogous to the Yennie gauge (C y = -2) of four-dimen¬ 
sional infrared electrodynamics, for which the entire 
interaction is removed. Finally, one may generalize 
to the case t = ;(k 2 ), for which (7.24) is replaced by 


intSp 5 ; 1 ] 


= x 6 
(2n) 2 


2 [ d 2 k 


J 


k 2 -i 


ie 


[C(k 2 )-c y ][l-e 


ik*(x-y) 


]• 


The choice 


-1 


with 


(7.25) 
a di- 


;(k 2 ) = C +am 2 (k 2 +m 2 -ie) 

raensionless constant and m an arbitrary mass parame¬ 
ter reproduces the QED solution (7.16). Both the 
Thirring model and two-dimensional electrodynamics pro¬ 
vide examples of a gauge-dependent theory, with Green s 
functions quite similar to those found in the soft pho- 
ton limit of four-dimensional QED. 

C. Xeopolitan Models 

Caianiello and co-workers have introduced 6 a class of 
nonlocal models obtained by replacing the free-field 
configuration space boson propagator A c (x-y), which 
enters into the defining Green's function equations o. 
various theories, by the constant i< 2 , where < . 

a real positive number. Although lacking in physical 
content, this type of model does display the algebra, 
structure which might be expected m realistic exhibit 
ries, and has been used 7 (for L = -g 2 ^) t0 
n-point functions holomorphic in g - Th *“* t ^ d 
illustrated here in the simplest context, that of a 
boson-fermion interaction of form L = -g^A. The 
dressed fermion propagator, given by 
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S^(x-y) 


= exp[- y 


TK A c ^* G(x,y l A) * N l exp L[A 1 


A+0* 


may be put into a simple parametric form when the re¬ 
placement A c (<-0) ■+ iic 2 is made, for the functional 
differentiation operator becomes 


ex P [y“] 


4, 6 


d 4 u 


6A(u) 


4-oo 

-j= J do exp[ - 7 a2+ «J d “ u BeJuTI* 

- 00 


and hence 


S'(x-y) => -±- 

c /n 


■foo 


da exp[-a 2 /2]G(x,y |aic) *N x exp L[a»c] , 

(7.26) 


• 00 


where 

G(x,yja<) = <x|[m^Y‘3^aKg] 1 \y> = (x-yjrn^agx). 

The closed-loop functional, in the absence of any spe¬ 
cific redefinition, or removal of tadpole structure, 
will require a cut off both in configuration space 

(Jd 4 x -*■ VT) and momentum space (S (0;M) is quadrati- 
cally divergent), c 


L[otic] -*• ax(VT) 


fg 


dg'tr[S c (0;m^ag , ic)]. 


However, since L ^ ia 2 as a -*■ there is no loss 

of generality if L is most simply omitted, and we 
now set L = 0, N = 1. In momentum space * (7.26) 
then takes on the compact form 
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s ;cp) = 


4-oo 

— ! da exp[- ia 2 ] [m+aKg+iy*p] 

/2T j 2 

- ao 


(7.27) 


a representation which can be converted to one defining 
the error function 4>. In this example, the limit 
g + o exists, with (7.27) reducing to the free propa¬ 
gator, S c (p). 

D. The Lee Model 

This partially soluble model has been extensively dis¬ 
cussed 8 as a theory of model fields, the latter non- 
rclativistic and nonlocal. An alternate definition 
may be obtained by performing simple approximations to 
the propagator functions which enter into the coupled 
Green's function equations of an exact, local, relati¬ 
vistic, nontrivial theory. In this way one sees clear¬ 
ly the special combinatoric structures contained in and 
representative of the model; e.g., one will always ob¬ 
tain linear equations for scattering amplitudes in the 
V+n6 sector, with these amplitudes coupled to those 
of smaller n, in contrast to the true field theoretic 
situation wherein the restriction to smaller n does 

not apply. _ . , 

A detailed exposition from this point of view, and 

with the notation of the preceding chapters, may be 
found in Ref. 9, and hence may be omitted here. How¬ 
ever, one must emphasize the historical importance of 
the Lee model in providing one of the first examples, 
albeit approximate, of interacting and explicitly 
renormalizable fields. 
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NO-RECOIL METHODS 


Those physically important situations in which a parti¬ 
cle's mass--or energy--is very large compared to other 
relevant energies, may be treated by a generalization 
of the method briefly described in Chapter 5, Section A. 
The genesis of all such techniques lies in the Bloch- 
Nordsieck approximation of 1937, invented to provide a 
physical resolution of the so-called infrared catas- 
trophe. 1 In its more modem contexts, Bloch-Nordsieck 
(B-N) methods may be applied, with profit, to an array 
of problems in high energy physics. 


A. The Bloch-Nordsieck Approximation 

We begin by treating the most useful case of fermion- 
vector boson interaction, L’ = igiJnr*Ai|/, although the 
bosons need not be massless, and the transition to sca¬ 
lar bosons may be made when desired. All the foTms 
previously written for G[A], L[A], l m QED are .hen 
valid here, and one first considers finding a represen¬ 
tation for G[A] in the limit of large fermion mass 
(or energy). Corresponding to this interaction, a fer¬ 
mion emits real and virtual quanta of the boson field 
to which it is coupled; and since 4 -momentum conserva¬ 
tion must hold in every such emission or absorption, 
the motion of each fermion must reflect this c0 ^erva- 
tion. On the other hand, if the fermion mass, or en¬ 
ergy is much larger than the 4 -momenta of each boson 
quanta, the fermion hardly suffers any recoil in every 
such event. This is precisely the infrared (IR) limit 
of QED, where only vanishingly small photon 4 -moment« 
are considered. As explained in the appropriate sec¬ 
tions, it is also a useful limit to apply in other 
cases, where fermion energy is large, and boson 
need not be zero. For all such cases the essentia 
physical approximation is the lack of fermion recoil. 

The mathematical expression of this approximation 
is the replacement of the Dirac Y u matrices oy c- 
number constants -iv u> representing an averaged fer¬ 
mion 4 -momentum, one unchanged by multiple soft emis- 
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sion and/or absorption. In accordance with the metric 
used throughout these pages, we associate v y of a BN 

Green's function [A] with (l/nOp^, where p y 

denotes the 4-momentum of the fermion so described, 

and v 2 = -1; in the fermion’s rest frame, v = +1. 
The basic differential equation satisfied by G[A] is 
now changed to read 

{m-iv[S X -igA(x)]}G^ ) (x,y|A) = 5 (4) (x-y), (8.1) 

and may be solved exactly for arbitrary A(x). One 
proceeds by the "method of the proper-time parameter," 
writing the parametric representation for G as 2 
(m -+ m-ie) 


G ^-hx,y| A ) = 


fCO 


' o 


d^ exp (-i({m*iv [3 X -igA(x) ]}) • 6 (x-y) 


r co 


= 1 




-i£m -£v 
e »e 


F(5;x)-«(x-y), (8.2) 


where 


FU;x) = e^-e^vO-igA). 


(8.3) 


Had the replacements -► -iv y not been made, the F 
of (8.3) would depend upon the gradient operator 3 , 
as well as on x. That this is not the case here may 
be seen by calculating the differential relation obeyed 
by F, 


3F . 5V-3 . 

^7 = ig e v-A e 


-Cv*(3-igA) 


Cv*3 . -£v3 r 

ig e vA e F 



or 
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9FU;x) 


= igv*A(x+£v) *F(5;x), 


(8.5) 


±rv*3 

where (8.5) follows from (8.4) because e is a 

simple translation operator. With the boundary condi 
tion F(£=0) = 1, obvious from (8.3), one may write 
the solution 


FU;x) 


exp[ig 


dC*vA(xH'v)] 


9 


4 o 


and hence 

d£ e' lCm S(x-y-tv) • 
o 


c^Cx.ylA) = 


• exp[ig 


rC 

d( 1 vA(x-( 1 v)]. 


' o 


( 8 . 6 ) 


Note that (8.6) reduces to the retarded function of 

(5.3) in the fermion's rest frame. In any Lorentz 
frame it is a retarded function, and hence the L[A] 
constructed from (8.6) must vanish. 

Had the replacements y y ** -iv y not been made, 

(8.4) would take the form 


°L 


-g(' 


.Uv'd 


Y * A e 


-iCy9 




(8.7) 


leading to 


the exact representation for 


G[A]> 


G[x,y|A] = 


if* e 


-U(mn # 3) . 


(exp[ig 


5 d 5 -e i 5 ’ Y -hivA)e- 5 ' T, 3 ])*-«(x-y) 


( 8 . 8 ) 
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where ( ) + denotes a "time-ordering" of the vari¬ 
ables While exact, (8.8) is far too complicated 

to be useful in a nonperturbative sense. Another ex¬ 
act representation for G[A], obtained by WTiting 
G = [m-y•(3-igA)]G[A] and studying a sequence of no- 
recoil approximations for G[A], has been constructed 
by Fradkin, with leading terms resembling (8.6) but 
somewhat closer to those obtained in a boson model. 

The latter may be obtained (e.g., for the boson-boson 
interaction L' - - (g 2 /2)ijj 2 A) by approximating solu¬ 
tions to the boson Green's function equation, 

[m 2 -3 2 +gA]G[A] = 1, (8 . 9) 

where (8.9) is written in a formal, coordinate-indepen¬ 
dent way. Again, with m + m-ie, a representation may 
be written in the form 


G(x,yjA) = <x | G[A]|y> 
where 



<P IG | y> 


i’”d5 e "i5 (m 2+ p 2 ) 


< p|^(^)|y>. 


( 8 . 10 ) 


and F(5) = 
Section D, 


-U9 2 +i£ f 9 2 -sAl 

e * e L • Here, as in Chapter 3, 

<x iA | y> = 6(x-y)A(x), <p|A|p+k> = A(-k), 


and <p|f(-3 2 ) = <p|f(p 2 ). A differential relation 


„ |dF: 

p •'3r ,y> 


-igcp 



= -Ig 


d^k X(-k)e- i 5 ( k 2 + 2 k -Php +k |F (5) | y > 


( 8 . 11 ) 

may be written, from which it is convenient to extract 
the £ = 0 phase dependence, setting <p|F|y> = 

e lp y f(5;p;y), so that 




Chapter Eight 


136 


f| (t;p;y) = -ig 


d“kX(-k)e- ik - y .e- ie(k2+2k,p) f(5;p*k;y), 

( 8 . 12 ) 


with f(C=0) = 1. The explicit y dependence on the 
RHS of (8.12) guarantees 4-momentum conservation in 

any process involving bosons described by A(-k). Us¬ 
ing the Baker-Hausdorf relation (Appendix D), an al¬ 
ternate way of writing (8.12) is 

= -ig [dk A(-k)e" lk ' y -exp[-2iCk-p+k*|r] -f(?;p;y) 

= -igA(y+2£p-i f (5;p;y) • ( 8 - 13) 

A sequence of BN approximations may now be defined 
by assuming small recoil of the 4 >-boson, with the ini¬ 
tial step the neglect of the -i(9/8p) operator of 
(8.13); the result is an approximate potential-theory 

Green's function 


G BN (x,y|A) 


= i(2ir) 


-4 


d 4 


pe 


ip-(x-y) 


d£e 


-U(m 2 *p 2 ) t 




exp[-ig 


f <U f A(y*2i;'p)], 


' o 


(8.14) 


which should be compared with the fermion form (8.6). 
An alternate sequence of approximations may be defined 
directly from (8.12), with the leading term obtained 
by neglecting the k-dependence inside f(5;p*k;y), 
while retaining the k part of the multiplicative 
exponential factor; one then finds 


t 



(x,yiA) 



d 4 p e ip-U-y) 




-i£ (m 2 +p 2 ) t 


d£e 


o 
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* ex P[“ig 




f d * k X(-k)e- ik -y. 


(2ir) 


. g-U'Ck^k-pJj 


(8.15) 


Equations (8.14) and (8.15) are equivalent as long as 
one is dealing with soft boson momentum k such that 
l k I <<: ! k *PI for any process. For larger k, it 
turns out that the renormalized integrals constructed 
from (8.15) will automatically cut off at k % m or 

k ^ |tI whichever is largest, where (-t) denotes 
some appropriate kinematical invariant of the particu¬ 
lar problem under consideration; the same forms con¬ 
structed from (8.6) or (8.14) will require an upper k 
cut orf (logarithmic) in virtual processes, which must 
then be supplied by hand. For purposes of obtaining 
qualitative, few-parameter fits to high energy data of 
various sorts, it is easier to work with the simpler 
BX approximations of (8.6) or (8.14). 

ihese forms find application in different high ener¬ 
gy processes because it is there possible to produce 
large numbers of massive, but low energy bosons, in 
rougn analogy to the soft photon possibilities of QED. 
One may consider, e.g., Feynman graphs with nucleon 
legs emitting many low-energy vector mesons, which 
through unitarity, can act to damp out related elastic 
amplitudes. In addition to such bremsstrahlung effects 
tnere arc the so-called multiperipheral processes 
where mesons are emitted from the innards of a graph 
rather tnan from its legs. In any functional analysis, 
a preliminary and most useful statement may be made in 
those situations where self-energy corrections to the 
particle emitting soft bosons may be neglected. In 
principle, of course, one must calculate all radiative 
corrections; but, as is demonstrated below, those corre¬ 
sponding to self-energy structure of external legs 
serve only to shift the bare mass to its physical value, 
while multiplying the entire Green's function by an ap¬ 
propriate renormalization constant. From the exact 
representation (8.10), with 
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« 

<p|F(c)|y> = e“ ip ’ y f(s;p;y), 
one obtains 


K x G(x,y|A) 


= -(2ir) 


-4 


dV iq,(x ' y) 


r oo 


<Uf(5;q;y) 


. _ e “i£( m2+ q 2 )] 

L 3f; J 


= <5 (x-y) + (2 tt) 


-4 


d 4 qe 


iq-(x-y). 


[V i5Cn,2+q2) 


3_ 


f(£;q;y)» 


(8.16) 


after an obvious integration-by-parts. Treating m as 
the physical mass, on the mass shell, m 2 +p = 0, there 
results 


d H x e P K x G( X ,y!A)L sh 



f(~;p;y)» 


(8.17) 


which is the desired relation. Similar computations 
may be carried through for the exact fermion Green's 
function; in the context of the BN model (8.6), these 
mass shell amputated forms may be written as 


ip-M v ) 


d H x e 


G^. J (u,x|A)(m*v.p) M>shc 


= e ip ' U 


exp[ig 


oo 


d^vA(u-Cv)], 


(8.18) 


and 



r ip " y (m + v'-p')G<>' ) (y,w!A) 


M.Sh. 



• w 


exp[ig 


d^V ^(w+Cv*)], 


J o 


(8.19) 



Cm 
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expressions which subsequently will be most useful. 


B. Soft Photons: Fermion Self-Energy Structure 

Tne problem of this section is the detailed computation 
of the self-energy structure of a charged fermion due 
to its cloud of soft, virtual photons. Perhaps the 
most precise and systematic formulation is that of 
Fradkin, but in the interest of simplicity we shall 
work with the BN Green's function (8.6), in terms of 
which L[A] = 0, N = 1, and 


S c,BN (x ->0 = i (2n)~ 4 fd^p e ip ' fdCe' i5 ( ra+v ’P) . 


where 



c,yv 


W 


I A=0> 

( 8 . 20 ) 


f a (z) = e 


ana 




d^v^Cz-x^v) 


D ^ (k) = 
c,uv v * 


k k 

6 - c —1 J - v 
UV i,2 

k z -ie 


& c 00. 


with tne parameter ; expressing the arbitrariness of 
gauge. The functional operations of (8.20) may, of 
course, be carried through, and one finds 


S- )BN (P) = i, r dCe- i5 I^ v 'Pl.e*CO 


( 8 . 21 ) 


with 
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*«) 



f f 

p C,pV V 






o 


,<u 2 [ ( V* 2 > 2 " icJ 



( 8 . 22 ) 


Passage to the form of 'KO shovm in (8.22) is depen¬ 
dent upon the restriction v 2 = -1. One immediately 
sees that this result is (properly) gauge dependent, 
and in the extreme sense: there exists a gauge, the 
Yennie gauge 4 with 4 = -2, in which the entire effect 

is removed. 

The integrals exhibited in (8.22) contain an un¬ 
avoidable divergence when = £ 2 * a reflection of 
those ultraviolet divergences which would be met if 
the y inte S rals were performed before Jd 4 k, ra¬ 
ther than in the present sequence. 5 However, regulari¬ 
zation may be performed in configuration space as well 
as (and in this case more conveniently than) in momen- 
tum space; here, this is most simply accomplished by 

replacing (Ci“^2^ 2 " ie °* ( 8 * 22 ^ (^l”^2’ ic ^ * 

valid since q > S 2 > together with the identification 
r ^ A" 1 where A corresponds to a virtual momentum 
cut off! The integrals of (8.22) are then elementary, 

and yield 


*(0 


4tt 


- [I* y] ♦ tn(^A)}, 

2 1 


(8.23) 


retaining only the leading, divergent terms in ?A. 
As in the computation of (5.10), that term of (8. ) 

linear in 5 may be interpreted as a renormalization 
of the bare mass appearing m (8.Z1), witn 



e 2 

m + - 

4* 2 



denoting the new physical mass, 
that such a gauge-dependent mass 
curs only because of the special, 


It must be remarked 
renormalization oc- 
no-recoil approxima- 
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tions of the model. Its linear divergence results 
from the absence of negative energy states (a retarded 
rur.ction was used for S c ) , and the consequent removal 
or a sy.7jr.etry which should act to lower the degree of 
divergence to logarithmic. As a consequence of the 
V.aru identity, it may be shown that realistic mass re¬ 
normalization is independent of gauge. In all subse¬ 
quent computations, each mass renormalization will be 
assumed to have been (correctly) performed, and the 
renormalized mass m r simply written as m. 

In the remainder of (8.23), we may write 
^n(^A) = £n(£m) ♦ £n(A/m), identifying the constant 
logarithmic divergence as the log of the wave-function 
renormalization constant, 

inZ 2 = f] £n ( A / m ), (8.24) 

a result which is (properly) gauge variant. The renor¬ 
malized propagator 

Ir'P) 5 Z 2 2 %«P) 

P 2 r 

is then, with y = -— [ 1 * -i] f 

4 it 2 2 

S' R (p) = ifde(«m) Y 
, ' 0 

= (-im) Y r(Y+l)[m+vp]"^ 1+Y ^, (8.25) 

illustrating the type of gauge dependent structure pre¬ 
viously seen in two-dimensional QED. The mass^shell 
in this model corresponds to m+vp = 0, and S'(p) 
there has a simple pole in this variable only in the 
Yer.7;ie gauge. Hence, if one wishes to perform soft- 
photon computations in an S-matrix context without the 
use or a small photon mass, one should stay within the 
Yennie gauge. 

ror later use, it will be convenient to write the 
integral form of this model Z 2 , which may be read off 
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from (5.10) or (8.22), 


£nZ 


7 (C=0) = + 4ie 2 

(2ir) 


d 4 k 


(8.26) 


k 2 +u 2 -ie (2k-p+ie) 


where p 2 +m 2 = 0, and a vector meson mass v has been 
incorporated to avoid a logarithmic IR divergence 
(which, however, cannot be distinguished from the UV 

divergence, since for \i - 0, tnZ^ f Q dk/k). It may 

be noted that the entire i|>(£) of (8.22) has no IR 
singularity, with the latter appearing only when y 
is separated into a renormalization term plus remainder. 

C. Soft Photons: Cancellation of IR Divergences 

Ke now discuss the canonical IR problem, the removal 
of all IR divergences from a properly defined cross 
section. This topic is particularly suited to func¬ 
tional methods, since all operations may be carried 
through exactly for an arbitrary process. Indeed, a 
variant due to Schwinger^ has been developed b> 
Mahanthappa, 7 wherein one employs functional methods 
directly to formulate probabilities, rather than first 
calculating amplitudes; and the IR catastrophes never 
appear. Most of the practical work on this problem 
has been due to Yennie and co-workers, and to Tsai, 
who have specialized in extracting the soft electro¬ 
magnetic radiative corrections necessary for a proper 
understanding of nonelectromagnetic interactions of 
various high energy scattering processes. Their final, 
finite forms may be obtained by the procedure outlined 
below, if the BN approximation of (8.6) is replaced by 
Fradkin's corresponding initial approximation; for 
scattering of charged particles with large momentum 
transfer, the two methods produce slightly different 
answers, corresponding to different ways or including 
photon momenta larger than infrared. Both methods 
agree in the nonrelativistic limit, however, and in 
both formulations the IR divergences are removed m 

the same way. ,. ., t . . 

Complete cancellation of all IR divergences will be 

illustrated here in the simplest context of the scat- 
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tering of a charged particle by a weak external field, 
but to all orders in its coupling to the radiation 
field. Fro;?, (2.29), the amplitude for scattering with 
the production of photons of momenta k •••k is easi¬ 
ly seen to be In 


< p' ,k r“ k n is|p > 


“ iZ- 1 -2- n/2 (2,)- 3/2(n+2 ) _L_ e (k )... E (k HEL] 1 / 2 . 
2 J ^rr v 1 V n EE 


[2co • • *2u ] 


- 1/2 


n 


r , - ik r z ! 

J d V 1 


d'-x'e lp " X |d‘*xe i P ,x . 

< 

-ik *z 


d 4 z e 
n 


n n 


6A (z.) 
Uj V 


* ex p[~ T 


— D —1 
6A c 6A J 


6A (z ) 
n 


• [*(?')$ ,G(x' ,xjA+A ext )p U(p)) 


A-KT 


(8.27) 


aric all closed fermion loops have been dropped in anti¬ 
cipation of the BN approximation, (8.6), to be made 


for the electron propagators. To first order in A 


ext 


G(x' ,xiA-A ext ) = G (x' ,x | A) -fiej G (x' ,u | A) y »A CXt (u)G (u,x | A), 

(8.28) 

where the first term on the RHS of (8.28) vanishes be¬ 
cause of 4-momentum conservation, p’ ^ p +ki + *k 
We now specialize to the case of soft photons, P gc- 
sessmg no induced structure of their own fL =: o' 

2- = 1), writing ’ 


ie G£’ ) (x' ) u|A)Y'A eXl: ( U )G^hu I x|A) 


ext 


J 


(v) 


BN 
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for the quantities of (8.28), where v = p/m and 
v' = p*/m; this corresponds to a (classical) electron 
scattering from x to x', with a corresponding momen¬ 
tum change from p to p'. The last line of (8.27) 
then becomes 


exp[- J ^ (ie) ^ (p,)Y v U(p) )| d4uA v Xt(u) ' 


, e ^^P"P ) u *exp[i 


f‘A], 


(8.29) 


where 


^oo 


,OD 


f (z) = e{v d£6(z-u+£v) ♦ v' 




dn6 (z-u-nv 1 )}, 


o 


and use has been made of (8.18) and (8.19). Calculat 
ing in the Feynman gauge, the functional operations 
yield the familiar form. 


exp [y 


fD f ♦ i 
c 


f-A], 


where 


exp[j jfD c f] - j e 2 v 2 


d£. 


dC 2°c ([C r 5 2 ]v) + 


♦ -- e 2 v' 2 


00 


dn. 


dn 2 D c ([ r > 1 -n 2 ] v ’) * 


,00 


ie 2 (vv*) 


dC 


dn D^v+nv'), (8.30) 


and A is not allowed to vanish until those differer.- 
nations corresponding to real photon production are 
performed. The first and second terms on the RHS of 
(8 30) are associated with self-energy structure of 
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the incoming and outgoing electron propagators. They 
Caen contain the same linear divergence corresponding 
to the fermion mass shifts, which have been ignored 
when using (8.18), (8.19); clearly, had mass renormal¬ 
ization been performed in its proper sequence, these 
divergences would be missing, and we henceforth omit 
all such dependence. Remaining in both terms is the 
same logarithmically divergent integral, exactly given 
by (8.26), and providing two factors of £n Z 2 . Pre- 

cisel> at this stage the Z 2 ^ factor, appearing in 

the original definition of the S-matrix element, enters 
and serves to remove one factor of £n Z 2 , giving a 

complete exponent as the sum of the third RHS term of 
(8.30)--the cross-linkage dependence, containing all 
soft photon propagators linking the initial and final 
electron legs--plus a single £n 1 


ic 2 j' d**k 
(27T) 4 k 2 -ie 


P*P' 


(k-p'+ie)(k*p+ie) 


ie 2 f d 4 k 
2 (2tt) ** ^ k 2 -ie 



(k’p+ie) 2 


(8.31) 


where p 2 = p' 2 = -m 2 . Because the forms (8.6) rather 
tnan (S.15) have been employed, (8.31) has a logarith¬ 
mic UV divergence, which is to be removed by limiting 
tne magnitude of the virtual photon momenta. For small 
photon momenta, the exponent of (8.31) represents the 
renormalized vertex function, in its dependence on soft 
virtual photons to all orders in e 2 . 

Evaluation of (8.31) is^simplest in the r.onrelativ- 
istic limit, jp j << m >> |p'|, and gives (q e p-p*) 


. — fai 1 


2 ) 


OTT 


k m 


m 

r 


J k 

min 



r 

v. 


8.32) 


where a = e 2 /47i and cut offs m and k . have 

rain 
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been inserted to limit the magnitude of the soft pho¬ 
tons included. In the relativistic limit (e.g., Chap¬ 
ter 9, Section B), the factor of q 2 /m 2 exhibited in 
(S.52) is changed to one proportional to £n(q 2 /m 2 ), 
while an upper cut off somewhat larger than m may be 
expected; for large momentum transfer processes (made 

possible by A ext , not_ by the multiple soft photon ex¬ 
changes) the relevant momentum scale for soft effects 
can increase. This question is left open by the pres¬ 
ent discussion, which describes the IR limit but not 
the approach to that limit. It is answered in a defi¬ 
nite if somewhat arbitrary way by the Fradkin-Yennie- 
Tsai treatments, in which (8.31) is replaced by 


ie 2 

d 4 k 

2p+k 


2(2tt) 4 ; 

k 2 

k 2 +2k-p 

k 2 + 2k•p * J 


No upper cut off is needed here, for this renormalized 
integral is, in the limit of large momentum transfer, 

cut off for k ^ and hence produces a net exponen¬ 

tial factor proportional to -£n 2 (q 2 ). For nonzero 
photon mass y, the lower limit k m ^ n ma y within 
additive constants) be replaced by u, and one obtains 
the behavior 

r 'v y exp[-G £n 2 (q 2 /y 2 )] 

v v 

recently noted by Jackiw 10 as the sum of the leading 
£n(c 2 ) dependence in every order of perturbation the¬ 
ory for the vertex function in massive photon QED. 

Quite apart from the details of the soft photons' upper 
cut off, the essential physical picture which emerges 
is one of strong damping of an elastic amplitude by the 
virtual exchange of soft vector mesons. By unitarity t 
one expects this elastic behavior to be related to the 
growth of inelastic amplitudes, a physical effect un¬ 
derlying the 1937 BN treatment of soft photons, and 
providing impetus for current, nonelectromagnetic 
studies at high energies. 

The evaluation of <p’,k^* # *k n |S|p> may be compie- 
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ted by performing those functional differentiations 
corresponding to real soft photon production; here, 

each operation 


[d 4 z e 4 ‘ z 

J 


6 

E U «A u (z) 


upon exp[i/f*A] simply yields a factor 

- £!Zi e ik * u 

L k*p' k *p J 


The calculation of 

d 4 u A^ xt (u) exp (i [p-p’-X kp-u) 

£ 


then produces 

(2*)' 4 ** xt (p' ♦ I k -p') 

£ 


which we replace by 

(2*) 4 A^ Xt (p’-p) 


in this IR limit. In terms of the corresponding am¬ 
plitude 

<P 1 i S | p> = -(2TT)e[~ T ] 1/2 (u(p , )yA eXt (p‘-p)u(p)) , 

describing the scattering of an electron by a weak ex¬ 
ternal field in the absence of the radiation field, 
(S.27) may be written in the nonrelativistic ; soft 
photon limit as 


|s|p > = <p' |s|p> • exp[- Jjj- 

7 s 

31 

E 
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l® J 

1 v min' 
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n 

e 




n 

n 

£=1 





VP' v p 
yp' ’ V p 

The probability for the emission of n soft photons 
is given by the absolute square of (8.33). However, 
in such a process one cannot experimentally detect pho¬ 
tons of arbitrarily low energy, which means that one 
must be careful to ask the physically correct question: 
what is the probability for an electron to scatter from 
P to p' with the production of an arbitrary number 
of soft, unmeasurable photons. Denoting the energy 
resolution of the particular experiment by AE (no 
photon of energy less than AE can be detected), one 
obtains for the production probability of n soft pho¬ 
tons as a result of the scattering. 


(8.33) 


P n (AE) 


r 2a 

ex PL- 3? 


m 2 


in 
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v 

min' 


]|<P* |s|p>I 2 - 


2n n 2 

e tt V 

rAE d 3 k £ J 

V p ’ 

V? 

— r— n .) 

nI 1=1 X>1 J 

o (2tt) 3 

Vp' 

V* 


(8.35) 


where l denotes a sum over both polarizations of 

the Uh X photon. The computations are again simpli 
fied in the nonrelativistic region, and one easily 

finds 
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(8.35) 
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where k m ^ n has again been used for each IR divergence. 

There follows the Poisson distribution in In k“! , 
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(8.36) 


and one sees that the probability for the emission of 
a finite number of soft photons vanishes, as k m ^ n -► 0. 

Summing over all n, however, produces the finite, 
physical quantity 


], ( 8 . 37 ) 

which, for small q 2 /m 2 , is the result conjectured by 
Schwinger 11 and proved by Yennie and Suura. 12 In the 
relativistic limit, the Fradkin-Yennie-Tsai approach 
generates an answer in which the exponential of (8.37) 
is replaced by 

E 

aeJ ; 


— In 

7T 


31 

m 2 


In 


00 


l p n (AE) = I"P*IS|p>1 2 -exp[- 
n=0 


2a 

3tt 


ai 1 

m 2 



the details of these calculations are somewhat differ¬ 
ent than those of the simpler one carried out here, 
but the crucial cancellation of all IR divergences is 
the same. 

D. Soft Pions 

There are two broad categories which fall under 
this title. Of them, perhaps the most widely known 13 
is that collection of theorems and approximations con¬ 
cerning low energy external pions, pions which appear 
among the external legs of a given Feynman graph. Re¬ 
sults which have been obtained link the low energy 
pion limits of different reactions, and follow from 
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assumptions of PCAC and current algebra, or equivalent¬ 
ly from the degree of chirality of a given phenomenolo¬ 
gical Lagrangian (a Lagrangian used in tree-graph ap¬ 
proximation only). The second category deals with the 
summation of many virtual pions, in the true sense of 
quantum fluctuations. While this subject is still in 
relative infancy, there has been some recent progress 
that is worth mentioning. 

1 ) It has long been known that the static model of 
massive nucleon-nucleon interaction, by the exchange 
of scalar pions, is exactly soluble in the sense that 
corresponding scattering amplitudes containing all 
cross-linkages may be written down in closed paramet¬ 
ric form. One simply develops an approximate 
given as the exponential of a linear form in tt(xj, 
and is then able to perform all functional operations 
in the manner of Chapters 5, 8, and 9. The correspond¬ 
ing static nucleon Green's function with isotopics, 

G bn [t‘tt] = [M-ia^gt-TT]” 1 , has never beer, obtained in 

closed form, because of the combinatoric complexity 
required to prevent charged pions from being emitted 
independently from the same nucleon line; e.g., after 
a proton emits a tt*, the next charged pion which the 
resultant neutron may emit must be a n . Recently, 
however, Fronsdal and Huff have obtained the exact po¬ 
tential energy function for the interaction of a pair 
of static nucleons, including isotopics. Deviation 
from the Yukawa form, which is valid for large nucleon 
separation, becomes apparent at small distances. (As 
of this writing, the Fronsdal-Huff potential has not 
yet been applied to fit nucleon data.) Similar re¬ 
sults have been obtained by them for the effective 
spin dependent potential between static nucleons in 

ps-ps theory. 

2) Summation of the leading £n(q z ) dependence, 
for large momentum transfer, in every order of pertur¬ 
bation theory of the ps-ps interaction L f = ig^ 5 T 
has been carried out for the nucleon electromagnetic 
form factors by Applequist and Primack. 1 Strictly 
speaking, this has little to do with soft pions, at 
least in the previous photon sense, because the P-wave 
nature of the pion-nucleon coupling suppresses the XR 



region; there are no IR divergences in this theory as 
the pion mass is allowed to vanish. This calculation 
is of interest because of its unphysical results, in 
which expected damping does not occur. 

Forms which specifically extract the "softest" de¬ 
pendence possible in the same ps theory, dependence 
following from low energy virtual, pion pair exchange, 
have been shown to produce form factor damping. 16 This 
calculation is perhaps of more interest from a func¬ 
tional point of view than because of its efficacy in 
fitting nucleon form factor data, for the combinatorics 
involved require the use of the full Eq. (3.59), rather 
tnan its simpler version with B = 0. Rough estimates 
ot the damping resulting from this mechanism have been 
made which alone compare rather poorly with experimen- 
ai data. If the pions are made chiral, by embedding 
the calculation in the nonlinear o model or by en¬ 
forcing chirality in any other way, all the soft-pion- 
pair structure is exactly removed, to all orders in 
the strong coupling, g. 

3) The absence of damping dependent upon appropri¬ 
ate Mnematical invariants in chiral theories has been 
explicitly shown by Weinberg, 17 who produced an extra¬ 
ordinary solution of the complete soft-chiral-pion 
problem. As amended by Brown, 18 one finds an S-matrix 
with chiral-violating elements, built, e.g., out of 
chiral-violating nonsoft pions, that are damped by 
constant factors. 7 

In summary, these calculations suggest that multi¬ 
ple soft-pion exchange plays no appreciable role in 
providing tne strong kinematical damping seen in re¬ 
cent high-energy experiments. In subsequent sections 
we snail concentrate instead on the simpler neutral- 
vector-meson (NVM) "gluon" models, which can serve to 

provide at least a qualitative description of differ- 

ent reactions. 
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RELATIVISTIC El KONAL PHYSICS 


This chapter is concerned primarily with the exploita¬ 
tion or a simple field-theoretic model of fermion-fer¬ 
mion scattering, wherein multiple NVM exchange takes 
place. It is not to be supposed that this gluon model 
is necessarily preferable to any other theory or mech¬ 
anism of interactions at high energy (a variant of the 
A 3 theory is discussed in Chapter 10), nor is any fun¬ 
damental significance attached to the particular NVM 
exchanged (which might be viewed as p Q or u>). For 
certain technical, perhaps fortuitous reasons, this 
theory is particularly amenable to functional tech¬ 
niques, and yields results which compare favorably 
with much recent experimental data. In both this and 
the following chapter, many topics of high current in¬ 
terest have been omitted, or treated with what may 
seem the most callous indifference to involved and re¬ 
sponsible authors. The reader should remember that 
these topics are still in a state of flux, and that 
the presentation here has been determined and arranged 
largely by considerations of relevance to the func¬ 
tional approach. 

Following the techniques of Chapter 2, the S-matrix 
element for fermion-fermion elastic scattering 
(Pl + P 2 “*■ Pj+P^) “ay be written in the form S * 1+iT, 

where 




( 2*3 


-6 


nr 


-Tl/2 


E l E 2 E i E 2 






ft ) ft ) 


Vi 
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(NZ) 


4n 6 ,(yi) «‘n 6 ,(y 2 ) «» ai (* l ) 


n=n=0 
j = 0 

(9.1) 


and 2{j,n,n) denotes the familiar generating func¬ 
tional of QED, with the propagator of a massive NVM 
field replacing the photon propagator. Since current 
is again to be conserved, all the gauge properties of 
Chapter 5, Section C are valid here; in particular, we 
may work in the Feynman gauge, A c ^ v = even 

though the proper function of a free, massive, spin- 

one boson is Vv /v,2) V Incidentally * thiS iS 

a good example of the special cancellations and rear¬ 
rangements of divergent quantities, which here change 
this nonrenormalizable theory (due to the (^y 9 v /^ )^c 

dependence) into a renormalizable theory (when only 
6 A is used), with all divergences associated with 

the nonrenormalizable behavior absorbed into the gauge 

dependent 2 . 

Suppressing spinor indices, the last line of (9.1) 
may be written as 


M(x iyi .x 2 y 2 ) = i 2 exp[- iJ|*A c fel-Gty^lgA) • 


G(y 2 ,x 2 |gA)-exp L[A] 


A-*0* 


(9.2) 


with L[A] = Tr in[l-igY*AS c ] and A = /A c j. More 
precisely, one should multiply (9.2) by a factor of 
1/2 and add to it the contribution obtained by permut- 
ing’the indices (y^Bj) and (y 2 ,6'); but for simpli¬ 
city, we henceforth treat the nucleons as distinguish¬ 
able (labeled by subscripts I, II) and omit the 

permutation. 

A. Small-Angle Formalism 

For that class of Feynman graphs without closed-fermion- 
loops, composed of multiple NVM exchange between a pair 
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of fermions, it has been shown 1 that the large energy 
(s = -Cp 1 ^p 2 ) 2 ), fixed momentum transfer (t = -(Pj-pJ) 2 ) 

limit, s », t/s + 0, is correctly described by 
treating the exchanged vector mesons as soft compared 
to the highly energetic fermions. More precisely, the 
leading In s dependence in every order of perturba¬ 
tion theory (when all graphs of a given order in g 2 
are summed, taking advantage of cancellations which oc¬ 
cur between different graphs of the same order) may be 
reproduced by the perturbation expansion of the eikonal 
amplitude obtained below. This observation is an a 
posteriori argument for the validity of the initial, 
almost intuitive soft meson approximations, but one 
that appears to be restricted to NVM exchange only. 2 

To simplify the analysis, the eikonal derivation 
will here be given in the absence of closed loops 
(L = 0, X = 1), with the form of the latters* contribu¬ 
tion appended at a later stage. Perhaps the simplest 

derivation of T(g 2 ) = <PJp \ |T| Pl p 2 > follows from the 

calculation of 9T/8g 2 , for which one first forms the 
derivative with respect to coupling constant of (9.2), 



-exp[- 




• G Il(y 2 > x 2 ig A ) ♦ G I (y 1 ,x 1 |gA) G n (y 2 ,x 2 |gA)}. 


(9.3) 

The relation 3G/3g = ifGy AG may be used to rewrite 
eacn derivative of (9.3); both terms give an identical 
contribution, and so we may simply multiply the RHS of 
(9.3) by a factor of 2, and write 


3g = ‘ 2l ex P[“ 2 J 6A A c * j d ** 2 1 C G i Cyi» 2 1 lf>A)Y*A(z^) • 

* G I Cz l* x llg A 3)-G II (y 2 .x 2 |gA) 


A-KT 


(9.4) 


Passing the explicit A y (z 1 ) source through the dif- 
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ferential operator, as in Chapter 6, Section C, the RHS 
of (9.4) yields, 


(~2i)(-i)exp[- j 


JL A La 

6A c 6A J 


d-z 1 d 4 z 2 A c (z 1 -z 2 ) 


6A 


fer iwv 


A-K) 


or 

3M 

3g : 


= -l 


d 4 z. 


d 4 i 2 A c (z r Z 2 )eXp[ “ I 


A La 

6A c 6A J 




A-K) 


(9.5) 

Except for the omission of closed fermion loops, (9.5) 
is an exact expression. 

We now adopt the simplest no-recoil approximation 
of the previous chapter, replacing each G of (9.5) 
by a G (v .h v = p /m, where p denotes the four-mo¬ 
mentum of that fermion associated with the appropriate 
external coordinates; e.g., 

(p,/m) 

GjCyj.zjA) - g i>bn (yi>V A )- 

Mass shell amputation of (9.1) is performed according 
to (8 18), (8.19), while the remaining spinor factors 

may be evaluated in the limit (Pj-pp/^5 - ° 

u(p)^ y u(p) = “ip u / m * 

<p i p 2 l T IPlP2 > = (2,t) 2 [e^e^ M(g “ 


one then obtains 
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oM 


pi-p 2 


nr 


(2n) 


-4 


d 4 z 


d “ Z 2 A c (z r z 2 ) 


■ ex P[i( Pl - P J) •z 1 + i(p 2 -pp-z 2 ] • 
• z o 2, exp[- i 


6 . 6 . .. 
6A A c «A ],eX Pt 1 




A-K) 


(9.6) 


where the single G n term of (9.5) has been removed 
by the double, mass shell amputation, and 


roo 


!,n (W) = g J o d ^ P ^2 6 ^ Z l,2^Pl,2 ) ^ 


+ ^2 6(W - Z l,2^ p i,2^* (9-7) 

The functional operation of (9.6) is elementary, 
and its results may be classified as self-energy terms 
plus soft NVM exchanges between different nucleon legs. 
Of the complete answer, 

exp[ i j ( V f n) A c ( f i +f ii)]- 

each of the four factors of form 


ex P[y e 2 p 2 


[ OO • 


d^dn A ([c-n]p)J 


generates self-effects for the particular nucleon line, 
containing an unwanted mass renormalization plus a fac¬ 
tor of in Z 2 . As in (8.30), each mass shift is to be 
dropped, while the four factors of In Z 2 convert the 

Z 2 of (9.6) to a net factor of Z* 2 . Of the cross- 
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linkages, the terms 


* GO 0 

exp [ig 2 | d^dn{p 1 *p|A c Upj+npp+Pj’P^c 1 1 


represent just the product of the t-dependent vertex 
functions of this model, which are automatically renor¬ 
malized by the net dependence, in exactly the 

same manner as found in (8.31). For small momentum 
transfer, these renormalized combinations are small and 
may be neglected, and we shall follow this simplifying 
step in the remainder of this section. For moderate 
-t ~ m 2 , this vertex dependence can be significant and 
should be retained; 3 for large -t >> m 2 , it is crucial 

and cannot be neglected. 4 » 5 

The remaining cross-linkage dependence has the form 


expl^fj 


r 1 

t II J * 


(9.8) 


and corresponds to s- and u-channel soft NVM exchange, 
in the limit t/s •* 0, the f^ n of (9.7) may be 
replaced by 




+ co 

= S J « pj >2 4(w-Zi >2 HPi t2 ). 

• 00 


and the exponent of (9.8) then simplifies to 


(9.9) 


ig 2 (P 1 ’P 2 ^ 


+ CO 4-00 

d^ 


dn A c (z 1 -z 2 -Cp 1 ^np 2 ). 


- CO - oo 


(9.10 


► 

* 


Evaluation of (9.10) is simplest in the CM^frame, 
with coordinate system chosen so that P x = -P 2 lies 
along the £ direction. Inserting the standard Four¬ 
ier representation for A c , the integrals JdSjdn may 
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be performed, and yield, with T (s) ■ (s-2m?//s(s-4m 2 ), 




Y (s) 


d 2 k if-* 
—- e 

k 2 +p 2 


(9.11) 


jn 


where z = take on the significance of a 

two-dimensional ( z x ,z y ) impact parameter. It is impor- 
k_a.it to note that the eikonal limits have provided de¬ 
pendence upon the variable z only, rather than upon 
the entire four-vector z y . Translational invariance 
may now be used to display energy-momentum conservation, 
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d 2 k ik-z-, 
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where q = p^pj. In the CM, q Q = 0, while q 3 -► 0 

as t/s 0. Hence, upon inserting a representation 
tor A c (z), the z^ ^ integrals may be performed; and 

writing M e . k = 64 (P^P 2 -Pi-ppT eik , one finds 


o I 


eik 
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with the eikonal function given by 
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f! 
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ix 0 (b;s) 


ig 2 , N d 2 k ik -b 
— y(s) - e 

(2ti) 2 k 2 +u 2 



Y(s)K o (ub). 


(9.14) 


The total cross section o T is related by the opti¬ 
cal theorem to the CM scattering amplitude T(s,t) 

(with normalization defined by the equations of this 
section) according as 

°t * p- = t X » T(S ~ m2 - t=0) ' 


and we obtain from (9.13) 



2Re 


d 2 b[l-e 



(9.15) 


Since -y(s) -*■ 1 as s -► *>, x 0 and the Oy computed 

from (9.15) become independent of s in the high ener¬ 
gy limit, in apparent agreement with the observed, con¬ 
stant pp total cross sections. The invariant differ¬ 
ential cross section is given by 


da 

dt 



16tt P 2 E 2 



(9.16) 


at high energies. Substitution of the T e ^ of (9.13) 

into (9.16) produces diffraction-like forward peaks for 
small and moderate -t. There is only the barest ex¬ 
perimental suggestion of the larger -t dip structure 
which follows from T e -^* but for small -t < 1 (Gev) 2 * 

the agreement with observed pp scattering (consider¬ 
ing the exchanged NVM to be the to) is quite good. 3 

An interesting observation has been made 6 concerning 
the appearance of bound states in those situations 
where the cross-channel invariant (here, -t) is allowed 
to become "large," since the resulting Regge-like ampli¬ 
tude exhibits poles when the direct channel invariant 
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(s) is continued below threshold (4m 2 ). Essentially, 
v 2 is the parameter which sets the scale for the 
"largeness" of -t, and one may consider (9.13) in the 
kincmatical region s > 2m 2 , 4m 2 > s > -t > y 2 . For 
the possibility of binding we must, of course, consider 
oppositely charged fermions, and hence change g 2 to 
"£T in x 0 • With the standard continuation 

Y(s) - iB(s), B(s) = (s-2m 2 )[s(4ra 2 -s)]' 1/2 , and use of 
the asymptotic form 

ward to show that in this region 

„2 


K 0 (0 ^ -*n Z, it is straightfor- 


eik 


% - Ai 
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l-i §7 y(s) 
dz • z J 
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in J 
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o ° 

ll 1 
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2m 2 ^ . nr 

-T .. v- - — 

s eik y 


-t 


4y 


o(s)-l T(l-a (s)) 

• - 

r(a(s)) 


(9.17) 


where a(s) = (g 2 /4Tr) B(s). This has the Regge asymp¬ 
totic form 7 for large -t with trajectory function 
a(s), and displays poles whenever a(s) = n = 1 , 2 , * * •; 
the same ratio of r functions is found in the exact 
solution to the Coulomb scattering problem. With 
s = (2m-e) 2 , c << m, this condition is equivalent to 
the nonrelativistic bound state (Bohr) energy levels 
for a pair of equal mass particles, c^ = (g 2 /4tt ) 2 «m/4n 2 . 

However, this procedure must physically correspond to 
using the Coulomb tail of a more realistic potential 
when solving the Schroedinger equation, and yields the 
correct Bohr levels because of the fortunate degeneracy 
of e n with respect to t (or j). It is difficult 

to see how relativistic corrections to e n , which de¬ 
pend on both n and t (or j) could be correctly 
given by this procedure. 

Many phenomenological variants of (9.13) have been 
attempted by writing forms for x(b;s) which yield 
Regge pole amplitudes, or Regge amplitudes modified by 
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multiple scattering corrections. 8 Perhaps the most 
exciting set of formulae have been obtained by Cheng 
and Wu in a series of papers 9 concerned with summing 
the leading high-energy behavior of sets of Feynman 
graphs in a gluon field theory. Central to their anal¬ 
ysis are the so-called tower graphs, built out of spe¬ 
cial, closed-fermion-loop contributions, which generate 
important s dependence in the eikonal function, in an 
approximation going beyond that of (9.14). It is not 
difficult to show that the exact may be written 

in the form (9.13) if the eikonal is given by 10 


x = l x n (b;s) 
n=0 n 


(9.18) 


where each x n represents the contribution of the com¬ 
plete, connected, cross-channel £NVM -► t’NVM scatter¬ 
ing amplitude, with £♦£,' = n-2. In terms of previous 
functional notation for the closed-loop-functional 
L[A], the exact eikonal for this interaction is given 
by 


ix(b;s) = ig 2 


M f r T 

I c II 


♦ L[g 


( f I*fll)A c ], 


(9.19) 


or 


exp L[A] = exp[- — 


Ia 6 C 


(9.20) 


and all terms in the perturbation expansion of L in¬ 
dependent of fj or fjj, or containing but a single 

fj and more than one fjj, or a single fjj and more 

than one fj, are to be omitted. The logarithm of 

(9.20) represents the sum over all connected (massive) 
photon-photon amplitudes, including all of the litters' 
radiative corrections built out of the operation of 


exp[- i 


!a a c!a ] upon expL[A] ‘ 
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♦ 



♦ ••• . (9.21) 


The subset of two-photon--two-photon amplitudes, 
represented by the second RHS terra of (9.21), has been 
estimated by Cheng an d Wu to produce for large impact 
parameter an eikonaT function 


ix 2 (b;s) ^ -s a expt-Ujb], (9.22) 

where a ^ g 2 and are real constants. The eikon- 

al of (9.22) completely dominates that of (9.14). When 
inserted into (9.15), with X*X 2 replacing x » it 
produces the result ° 1 0 


o T -V- (in s) 2 , (9.23) 

saturating the Froissart bound on the possible growth 
of cross sections at high energy, 11 Equation (9.23) 
follows from (9.15) because the latter's integration 
cuts off at impact parameters for which s a exp[p,b], 
or b ^ £n s. Cheng and Wu have presented qualitative 
arguments which suggest that contributions from the 
higher connected amplitudes, defining all the remain¬ 
ing x n , do not appreciably change this o T (as well 
as their other, specific predictions). However, at 
present, this extremely interesting conjecture must be 
regarded as an open question. It is not difficult to 
imagine counter-examples, wherein the remaining x n 

sum together to produce s-dependence which dominates 
that of X 2 > one such model will be described in the 
next chapter. 

B. Wide-Angle Approximations 

One aspect of a wide angle eikonal formalism has al¬ 
ready been mentioned, the multiplicative association 
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of nucleon form factors with T e ^* 3 However, for 
really large momentum transfers in the limiting region 
s ■+ t/s finite, not all the exchanged NVM can be 
soft, and one must adopt a treatment in which "hard" 
exchanges can take place. Different authors 12 have 
described as many methods of performing such computa¬ 
tions, with varying degrees of rigor; in this section, 
a brief, nonrigorous treatment touching on the general 
ideas and some moderately successful applications, will 
be described by yet another method designed to minimize 
counting arguments, while stressing the essence of all 
such wide-angle approximations. 

The basic assumption is that scattering at large 
momentum transfer takes place through the action of a 
single hard meson exchange, which the multiple soft ex¬ 
changes tend to damp away. This picture may easily be 
generalized to include several hard exchanges, although 
no estimates along these lines have as yet been per¬ 
formed. Single hard meson exchange, either of a neu¬ 
tral (for pp scattering) or appropriately charged 
(for np scattering) meson, represents a relativistic 
generalization of the Schiff formula 10 for wide-angle 
potential scattering, wherein a fast particle may ex¬ 
perience many small deflections as it enters a region 
of nonzero potential, suffers a single large-angle 
scattering to essentially its final direction, and un¬ 
dergoes many small-angle deflections as it leaves the 
scattering region. The distinguishability of soft and 
hard exchanges, and the ensuing approximation of a gen¬ 
eral form such as (9.2) (neglecting, for simplicity, 
all closed-fermion loops), may be introduced in a defi¬ 
nite, if somewhat arbitrary way, by defining 



- 1 — [l-e' iok2 ], (9.24) 
k 2 +y 2 


with a a constant identified below. The purpose of 
this separation is to insure that only small k (more 
precisely, k 2 ) can contribute to integrals over 

and only large k »ay contribute to those over A c 
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With A = A _ ♦ A the exponential operator of 

C C f o C f r1 ^ 

(9.2) may be expanded in powers of A „, 

c , n 


6_ . 6, 

<$A c,S 6A J 


MCx 1 y 1 ,x 2 y 2 ) -v i 2 exp[- j 

* G l(y 1 ,Xi|A)G n (y 2 ,x 2 | A ) 


A-K> 


r i 6 . J l 

2 J 6A A c,H «A' 

,i2ex Pt- 11 !a a c ,s Ia^ g i‘ g ii 


A-K) 


(9.25) 


retaining no more than a single hard exchange. 

The first line of (9.25) may be evaluated in almost 
exactly the same manner as used in the previous sec¬ 
tion; the only differences are that A c s of (9.24) 
replaces A c of (9.3), the vertex t-dependence must 
be included, and the replacements of (9.7) by (9.9), 

and u(pj 2 ^ y \i u ^i 2 ^ by ” ip l 2^ m are not t0 be 
made. This terra then generates a contribution T* 
given by eik 


JT T eik “ (uCppT (J u (P 1 ))(u(ppy u u (p 2 ))*jd ' , 2 e lq ’ 2 • 

.A cS ( Z ).exp[i X ;*2*(t)], (9.26) 

where ix^zjPj,P{.P 2 ,pj) ■ ijfj A c>s fjj, and 


♦ (t) 


1 f? 2 

d 4 k -iak 2 

P _ P' | 

2 (2*) 4 J 

k 2 *p 2 

>*P ^P'J 


(9.27) 


It should be noted that, in this model approximation, 
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the integrand of (9.27) is independent of any configu¬ 
ration space variable, and hence a cut off, such as 
that provided by a, is needed. In fact, (9.27) may 
be used to suggest the detailed nature of this cut off 
by requiring 4>(t) to have the same phase for nega¬ 
tive t as that of the finite integral containing 
quadratic (k 2 ±2k*p) denominators. A simple, covari¬ 
ant procedure which satisfies this condition consists 
of the two steps: (i) perform all /d 4 k, treating a 
as a real, positive number, and (ii) after all integra¬ 
tions have been completed, perform the continuation 
a -*> -iy" 2 , where y c represents a real, positive cut 

off with dimensions of mass. With this prescription, 
(9.27) may easily be evaluated 4 to yield $(t) B ?F(t), 
where 


F(t) = t 


dt 


4m' 


t’ t'-t 


h- 2m21 


f 


r i- 


- 1/2 


(9.28) 


and 


= .ii 


,00 


8tt 


2 J 


db 


-by 2 _ 


o b+y 


-2 


-i— in (1+y 2 /y 2 ). 
8ti 2 C 


One pleasant feature of this method of approximation 
is that the three constants needed to specify the soft 
exchanges, g, y, and y c , coalesce into the single 

constant y, which may be treated as a parameter to be 
determined by experiment. For negative t, F(t) is 
real and negative, 


F(t) * 1- 


2x+l 


[x(x*l)] 


Yjj ln(/x ♦ /x+T) 


X = - 


4m 2 


> 0, 


(9.29) 


with limiting forms t/3m 2 and -!n(-t/m 2 ) for small 
and large -t, respectively. When m denotes the nu¬ 
cleon mass, a very good approximation to (9.29) for 
all -t > 0 is given by (|t| in (Gev) 2 ) 
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F(t) = -£n (l+.4|t|) (9.30) 

Incidentally, the choice y 2 % |t| for large -t re¬ 
produces the Jackiw leading-log form of the asymptotic 
mentioned in Chapter 8, Section C; however, we 
shall continue to keep y c a constant * y. For posi¬ 
tive argument, it is not difficult to show that 


Re F(s) = F(4m 2 -s), s > 4m 2 , (9.31) 

a relation which will subsequently be most useful. 

An estimate for y may be obtained by using the 
physical content of exp[yF(t)] as representing the 
damping due to soft, virtual NVM exchange of the nu- 
cieon vertex. Hence one expects the proton's electro¬ 
magnetic form factors to consist of this soft depen¬ 
dence multiplying an unspecified hard meson contribu¬ 
tion H(t), which may be thought of as an appropriate 
collection of vector mesons, represented by simple 
po.es, anc responsible for large momentum transfer pro 
cesses. The crude choice H(t) = 1+at(bm 2 -t)- 1 for 

the isovector form factor produces large momentum 
transfer damping of form 


G(t) -v (l- a )e YF ^ t ' ! ^ (l- a ) 


m‘ 


(9.32) 


wnich, with a = 0.84 and y = 2.4, provides good 
agreement with recent SLAC data; 14 in fact, with 
b ^ 2/3, one easily reproduces the experimental curves 
tor an -t. An excellent two-parameter fit at all mo¬ 
mentum transfers is given by 


G(t) = (l-t/m*)' 1 e YF(t \ 

Kith y = 1.4 and = |n>2; in both cases, an appro- 

priate cnoice of y leads to the experimentally ob¬ 
served damping, slightly in excess of that given by 
tne empirical dipole-fit formula. 

Away from the forward direction, the simplifying 
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operations following (9.12) may not be performed, and 
one is left, in (9.25), with a rather cumbersome form. 
However, when -t is large one expects only small z 
to be important, and this suggests the adoption of an 
approximation which neglects the z dependence of 
iy'. The integrals defining x© already contain the 

soft cut-off a, and may be evaluated in exactly the 
same manner as (9.28). Physically, such a dipole ap¬ 
proximation (the neglect of z inside x ' 0 ) decouples 

soft from hard effects, using the a-prescription to 
limit the magnitude of soft NVM exchanges, a task 
which should properly be accomplished by the detailed 
form of the hard exchanges. As a consequence of this 
simplifying approximation, ix^ 2 2y[F(u)-F(s)J, with 

the negative sign appearing in front of F(s) because 
of the kineraatical difference between the definitions 
u = -(p r p^) 2 = -(P 2 ’Pi) 2 an d s = -(Pi*P 2 ) = * ( Pl^ p 2 ) * 

The /d 4 z of (9.26) may then be carried through, and 
one obtains 

exp[-|t|/y£] 

T eik * S 2 K U) lK U) II y 2 + j 1 1 ‘ 


fp 2Y[F(t) + F(u)-F(s)]. 1 - l 
2 y [F (t)+F (u)-F(s) /’ 


which, by virtue of the exp[-|t|/p|] cut off, is neg¬ 
ligible compared to the large -t contribution arising 
from the second term of (9.25). In the absence of soft 
effects, the latter would simply correspond to the Born 
approximation for nucleon-nucleon scattering; with so 
NVM exchange, all the above steps and approximations 
may be carried through and lead to the result 

T(s,t) = T B (s,t) exp[2y (F(t)+F(u)-F(s)} ], (9.34) 


where Tg denotes the Bom approximation (suitably 
symmetrized for pp scattering) amplitude, with 
[l-exp(-|t|/p|)] replaced by unity. 
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The substitution of (9.34) into (9.16) produces a 
do/dt with several agreeable features. Because of 
the constraint s*t*u = 4ra 2 , and the condition (9.31), 
one finds the form 

df = dT *exp[4ir (F(t)»F(4m 2 -s-t)-F(4m 2 -s)) ], (9.35) 

which, with a single hard p Q -exchange defining 

(da/dt)g, and the same y = 2.4 used for the nucleon 

electromagnetic form factor, produces a fit to recent 
high energy data over wide ranges of s and t which 
must be considered as quite good, considering the 
paucity of parameters and the crudeness of the calcula¬ 
tion. For s 00 and fixed (but large) -t, the RHS 
of (9.35) is proportional to exp[4yF(t)] ^ (G(t)) 4 , 
the celebrated Chou-Yang-Wu observation. 15 For large 
s,-t,-u, these exponential factors automatically pro¬ 
duce dependence upon the Krisch variable ut/s, and 
may be used to fit the large momentum transfer part of 
the experimental curves. 16 Finally, it may be remarked 
that a similar model for wide angle np scattering can 
serve to lift the degeneracy between soft w and soft 
P 0 exchange, producing qualitative fits to the ob¬ 
served asymmetry in forward/backward np scattering 
at high energies. 17 It may be hoped that the qualita¬ 
tive success of such crude models is not completely 
fortuitous. 

C. Inelastic (Bremsstrahlung) Models 

The experimentally observed damping properties of indi¬ 
vidual scattering amplitudes may be physically under¬ 
stood as due to unitarity restrictions caused by the 
opening up of new inelastic channels. The gluon models 
of the previous two sections have multiple inelastic 
unitarity contributions of bremsstrahlung form, with 
massive NVMs emitted from the nucleon legs of any given 
hadronic process; if the NVM are identified as p Q or 

w, they immediately decay into the multiple pions ex¬ 
perimentally observed. Such "fragmentation" differs 
conceptually from the "pionization" picture of the mul- 
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tiperipheral calculations, where many soft (CM) pions 
are emitted directly from the innards of a graph, rath¬ 
er than from its legs. In this section, a general 
(functional) formula for inclusive processes, or multi¬ 
plicities, will be derived and applied in a most ap¬ 
proximate way to bremsstrahlung emission; an applica¬ 
tion to multiperipheral processes is discussed in 
Chapter 10. 

For definiteness, we consider inelastic pp scat¬ 
tering, according to the reaction Pj+p 2 
where £k £ denotes an arbitrary number of emitted 

NVMs, which subsequently decay into pions. Using the 
notation of Chapter 3, the probability for the emission 
of n NVM compatible with fixed initial (p^,p 2 ) and 
final (p£,p£) proton momenta is given by 

p n = l l < k 1 .’”k n ;Pi,P2|S|p 1 ,P 2 >| 2 , (9.36) 

where £ denotes all possible final state summations 
Y n 

over the phase space of n NVMs; the closure state¬ 
ment for these particles alone would read 


oo 


l 

n=0 


I 


k 

V 


k ><k. 
n 1 




1 . 


The S-matrix of (2.25) may be rewritten in a form ap 
propriate to the present case. 


S 

<s> 


:exp[ 


A IN 6A ]:S F {A} |a-K) 


(9.37) 


where 


Sp{A} 


= :exp Z 


- 1/2 


hi " In ^IN 1:Z{A,n,n} in^?rK) 


(9.38) 


= A c j^. In (9.37) the dependence has 

been replaced by unity, since the self-energy structure 
of the NVM is not of interest here. Except for unim¬ 
portant phase factors, which do not enter into P , 

n 

(9.38) is just the S-matrix for a fermion system cou¬ 
pled to a fictitious, c-number, external field A . 

As far as the emitted NVM are concerned, one may 
proceed exactly as in Chapter 3, Section C to obtain 
an expression for P^ in the form 

P n " ST [ 4 J t T + <A'}T(A}| (9.39) 

where T( Pl p 2 p^;A) = <p‘,p^ | S p ( A) | Pj ,p 2 >. In the 
limit A -+ 0, T(pjp 9 pjp^;0) is just the elastic scat¬ 
tering amplitude of a pair of protons. Since P n de¬ 
pends upon the incident and final proton momenta (and 
spins), a "differential multiplicity" for NVM produc¬ 
tion may be defined as 


<v> 


l nP / l P 
n % n 
n=0 n=0 


— in jexp[iX 


6 , 6 , 
6A* *(♦) 6A J 


• T + {A'}-T{A} a=a , = 0 L j( (9.40) 

where <v> depends upon the six independent kinemati- 

n 

cal invariants formed from p ,p ,p!,p' £ k . The tc- 

i=l 

tal NVM multiplicity may here be defined as 



(9.41) 


where / (dp*) denotes integration over final proton 
phase space; and very crude arguments in the context of 
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this model may be given to obtain <n> ^ In s as s-**, 
in agreement with recent inclusive experiments. 10 
Rough predictions for <v> have also been made, 10 but 
not yet tested. 

Qualitatively, one can anticipate the forms which 
soft NVM multiplicities will take by returning to the 
calculation of Chapter 8, Section C, where a Poisson 
distribution was obtained for soft photon emission. If 

k . is replaced by y, and both upper cut offs AE 

min 

and m are replaced by the maximum CM energy available 
-v /i, one directly obtains 


<n> 



(s/u 2 ) 


for small q 2 /m 2 ; for larger momentum transfer, q 2 
values of the same order as s, one would expect 
<n> ^ tn 2 s, an effect recently predicted 20 in this 
gluon model using the technique of summing leading 
powers of £n s, or £n q 2 . Recent experiments on 
deep-inelastic electron-proton scattering, 21 in which 
total cross sections remain large, may be understood 
in at least a qualitative way in the context of the 
same bremsstrahlung model. 20 * 22 However, alternate 
descriptions of the physics abound, 23 and detailed cal¬ 
culations of the predictions of all models, fitted 
against the rapidly expanding experimental data, will 
be most welcome. 
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SPECULATIONS AT HIGH ENERGY 


This chapter deals with the estimation of an amplitude’ 
high energy behavior by the technique of summing its 
leading s-dependence in every order of perturbation 
theory. Such a mathematically ill-defined procedure 
carries with it the tacit assumption that the sum of 
every order's next-to-leading behavior is of less im¬ 
portance, as well as the more obvious expectation that 
the sum of the leading s-dependence does correspond to 
the true high-energy limit. The modified A 3 theory 
treated here provides a good example of the use of func 
tional methods in identifying the complete eikonal of 
the problem, and when combined with a method of estima¬ 
ting the leading in s terms of contributing graphs 
reproduces those results of existing calculations based 
upon tne s-channel iteration of tower graphs. The fi¬ 
nal section deals with a sequence of speculations which 
try to estimate and sum the leading log behavior of 
g. VCI 7 S ra Ph contributing to the eikonal; what emerges 
is the possibility of multiple cancellations destroying 
tne basis of (9.23), which may be indicative of the 
true high energy limits in field theory. Although the 
correct answer is unknown, these methods at least pro¬ 
vide a formalism within which various approximations 
may be developed and explored. 

/ 

A. Multiperipheral Field Theory 

Although the interaction L' = - gA 3 provides the sim- 
plesc, nontrivial structure, it has several disadvan¬ 
tages among which is the inability of scalar mesons to 
eikonalizc properly. We shall begin this section by 
writing the complete generating functional for a more 
complicated interaction, 

L ' ° ' i8 ^^ V w u h - 7 n I (10.1) 

containing a nucleon field a NVM field w , and a 
scalar "pion" field w; and then discarding, in the 
functional expression for nucleon-nucleon scattering, 
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those subsets of graphs which contain w p , and tt 

self-interactions, until all that remains are graphs 
containing multiple NVM exchange between nucleons, with 
scalar pion exchange taking place between the virtual 
NVM. In analogy with previous forms, the NVM interac¬ 
tion may be expected to eikonalize, carrying with it 
the composite substructures here defined by multiple 
pion exchange between different w y . This corresponds 
lo the possible graphs of A 3 theory, as well as to 
the closed loop contributions of massive-photon QED. 

The generating functional for the interaction (10.1) 

is given by 


Z{j,k^,n,n} = < 


(exp i [jir+k-w+n^n])^ 


where j,k u ,n,n denote c-number sources for the fields 

„ >K respectively. Following the techniques of 

Chapter 3, the formal solution for Z is 


<S>Z = exp[-i j- 


exp [i 



( 10 . 2 ) 


with propagators « UV A C for the NVM field w and D c 
for the pion (of small, but nonzero mass p) field w. 
Using the very convenient combinatorics of Chapter 3, 
Section D, (10.2) may be rewritten as 

<S>Z - exp[ifn(S c [l*g ^ •1fS c r 1 )n*Trln(l*gr- ^ sj]- 

I 

•exp[ifk.(A c [l4|r ^1' 


•exp [ 4 - jD c j], 


(10.3) 


while the neglect of all closed nucleon and closed NVM 
loops yields the simpler quantity 



(10.4) 


Z * exp[i n(S c [l*gy ^ SJ" )n] 


•exp[| jk-* c [l+ ^ It A c ] _1 k] 


•exp[| jD c j]. 

The configuration space nucleon-nucleon scattering 
amplitude may be obtained, as in (9.2), by the appro¬ 
priate functional differentiation of (10.4), 

\ s \ 

M (X l y i'V2) - i2G I y l x l i k G II >'2 X 2 i y • 


•exp[j k-4 c [l+ A c ] _1 k]» 


* 

exp[j jD c j] 


k -K), 

U 

j-o. 


(10.5) 


where the nucleons are again considered distinguish¬ 
able, to avoid symmetrization. A slightly more con¬ 
venient form of (10.5) is 


i I 6 


X 6 


-1 6 


M = i ex p [ -i tt! 


i 6j c 


• G I (y 1 x 1 1s k ) G n (y 2 x 2 1g k ) #ex P|j D c i 


( 10 . 6 ) 




and we next omit all graphs containing lines emit¬ 

ted and absorbed by the same nucleon, retaining only 
the exchange of virtual NVMs between different fermions, 


M i 2 exp[-ij I |j A c ]* A TOH-GiOTjXjIgkj). 


-1 6 
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* G II (y 2 x 2 l gk 2 5 * exp tT Ji D c H 




(10.7) 


As far as the NVM kj 2 source dependence is con¬ 
cerned, (10.7) is completely analogous to (9.2), with 


AM * 6 A I " 1 

A [1+ — 7-T- A„ J 
c L l 6j c J 


and exp [y jD c j] 


replacing A c and L[A], respectively. An^eikonal 
calculation may now be initiated, in the s + *, t/s 
limit, by extracting the soft W-meson dependence of 
each G[k]; in place of (9.6) one has 


+ 0 


3M 

3g 2 


[vp?] 

-4 


(2») 

m 2 

* 


Z \ e 


.U iz 2- (p 2- p 2^ 


iZj'CPi-Pi) 

dV * 1 11 


J 


d 4 z 2 e 


X 6 

tWrijj 


exp[ig 2 d 4 u d 4 v [ Fj(u)A c 


• 

X 6 

u,v 

> 

i «T. 


F nWl‘ 


’ ex p [4 


jD c j] 


j-K)* 


( 10 . 8 ) 


where 


A c (x,y|Xit) = <x|a c [1 + X.A c ]' 1 |y>. 


jrP y = f y 

gr i,II 1 I , II ’ 


with the f 


I,II 

pression may be integrated, 


given by (9.7) and (9.9). This ex- 
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M[g 2 ;i>] 


is ( 2 n )” 4 


[2m 2 J 

■exp[- - 


d 4 z, e 




d 4 z„ e 


X V«2 


lv D c 




(10.9) 

where tt = Jd^ , and a factor exp[^- /j D c j ] has been 

omitted from the RHS of (10.S), since it contributes 
nothing to the elastic scattering amplitude, nor to 
subsequent inelastic cross sections; as before, 

q l,2 = Pi,2‘Pi,2> and 

To obtain from (10.9) the standard eikonal form, one 

notes that 

+ 00 +00 

FfAjiU-Fjj = (Pj-Pj) da db ^(Zj-apj ,z 2 *bp 2 | it) . 


-00 - CO 


As long as tt f 0, this depends upon both variables 
separately; but because of the parametric £,b^ inte¬ 
gration, the double Fourier representation has the form 


(2t») 2 (P 1 -P 2 ) 


d 4 K 


d 4 K' 


iK'Z^iK* *z 2 


•«(K- Pl )6(K-•p 2 )A c (K,K'|»). (10.10) 

In the CM, with = -p 2 again chosen along the z 
axis, one may write 

k*z » k*z-^k.z.-k z * i k^~^z^*^ 

i 3 3 o o 2 2 
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with = a + a , and it is then clear that (10.10) 

0 (+) (-) 

is independent of z ^ and z^ . All dependence on 

this latter pair of variables lies in the 
term of (10.9); and hence the assumption that 

qf~^ = qj;*^ = 0 in the s + « limit permits integra- 

* ^ (- } 

tion over the z^ , z^ variables, yielding 

(/d 4 z = j Jd 2 z/dz^/dz^) 

’ * 

j dz l + :> ^ z 2"^c^ z l ,z 21*3 * - F -S [wl-F . 

J J 

and thereby cancelling the denominator factor of (10.9). 
Thus one finds the eikonal form 



with M eik = M[g 2 ;w)|^. 

That portion of the total cross section due to pion 
emission may be obtained, at least formally, by apply¬ 
ing (9.39) to M[g 2 ;ir], with the latter replacing T[A]. 
For the present elastic scattering discussion, the c- 
number source it is to vanish after all functional 
differentiations of (10.11) have been performed. In 
this limit it is not difficult to show that the inte¬ 
grand of (10.11) depends upon the transverse combina- 

tion z i ~ z 2 only; hence the z^ , , and z ^ z 2 

integrals may be performed, yielding 4-momentum conser¬ 
vation, 
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«(Vq 2 W«CqJ' , )«(q 1 w ) 

* «(q 1 + q 2 )-26(q 1 C ' ) *q 2 ( ^).«(q( + 5 +q ( + 5 ) „ i 1 * (p^.pj.p.) , 

under the previous assumption that a s o. 

With M eik = 64 ^i + ^2^ T eik’ one obtains the standard 

eikonal form (9.13), with the latter's i x replaced 
by 0 

r i f 6 _ 6 , 


ix . (exp[. | J *7 D c fyj • 


-1, 


( 10 . 12 ) 


connected 


or, equivalently, 


iX _ i I « n « 


CXpI " 2 I 67 D c 67 ],eX P [i S 2 F r Z c lw]F IlJ 


tt-K)* 

(10.13) 


The expansion of (10.12) in powers of g 2 generates 
an infinite sum of contributions to the eikonal, con¬ 
sisting of all the connected, nW nW t-channel an- 

CO 

plitudes; that is, ix ■ l ix n * with 

1 1 ft 

ix n “ j F J 1 ( u i)- F Ii n ( u n )M S (u l'”* U n ;v l'-‘ v n ) * 


w, % 

F, Ci>- f n<V 


(10.14) 


and 
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D 


C 6ir 




* A c (u l’ V lI") 





") 


tt-Kt conn 


(10.15) 


When all self-linkages of any A c (u,v|ir), in (10.15), 
are omitted, and only linkages of one with another 

are retained, (10.14) provides an eikonal structure 
analogous to that of massive photon QED and the simpler 
A 3 theory. The total cross section for n-n scatter¬ 
ing is given by (9.15), with (10.12) replacing ix 0 , 
and is built out of the production amplitudes for the 
emission of W„ and tt mesons. In particular, those 
processes in which only pions are emitted here take on 
the multiperipheral form: pions emitted in sequence 
from an internal, t-channel (NVM) line as s ■+ ®. They 
are represented in this model by every term of x ex " 
cept xi» w ith the latter (when its self-energy pion 

structure is dropped) just reproducing the NVM x Q 
(9.14). 


B. Summing Leading Logs 

In the context of this example, a technique is now out¬ 
lined for identifying the leading £n s dependence of 
every Feynman graph contributing to x* It is simplest 
not to expand in terms of connected graphs, but to use 
(10.13) directly. 



00 


I 

n=l 


(in 2 )" 

nl 


exp[- 




•|F I 1 (u 1 )”-F I n (u n )A c (u 1 ,v 1 |»)...A c (u R ,V n | 1 r). 



ir-wO* 


( 10 . 16 } 


or, upon inserting (9.9), 
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~ [ifi 2 ( Pl *p 2 )] n r r 

- nl - J d V da n j d V db n 


• ex pf-1 j k D c y • 

(10.17) 

As in Chapter 8, Section A, each A (u,v|w) has the 
exact representation c 

i c (u.v|«) = i (2u)" 4 fd 4 q e^'^ f"d 5 e-^"’ 2 *^ . 

J r\ 


•G(C;q;v), 

where G satisfies the integral equation 


(10.18) 


G(S;q;v) = 1 - iA f d£' d 4 k^(-k)e" lk ’ V “ i ^' ^ k2+2k . 


•G(^';q+k;v). 


(10.19) 


Thus, with /d“q = /d 2 q • I /dq (+) /dq ( ‘ } and the same 

CM coordinate system, a typical pair of parametric in¬ 
tegrals yields 


dadbA c (z 1 -ap 1 ,z 2 -bp 2 | 1 r) 


= Je 3 d 2 qe^ Z dq^e 


W e^ q(+)l( ' ) fdbe- ibE <i (+) 
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d 5 e-i5Cm 2 *q 2 ) G(5;q . v bp 2) 


qt'V 


( 10 . 20 ) 


where again z = z.-z n . Translational invariance pro- 

12 (_•) 

duces terms independent of the z v and Z 2 vari¬ 
ables appearing in (10.20), an effect which becomes 
apparent when different factors of the form (10.20) 
are combined to build the entire amplitude; and hence 

we shall simply omit this z^ ^ and Z 2 dependence. 
The mth iterate of (10.19) is 

(5;q;-bp 2 ) 


/ • \ N HI 

(-lX) • 


* 

rl r m-l 


O J 

d V‘ 

0 J o J 

d-kjiC-kj)**- 


d 4 k »(-k ) 
m m 


m r 

exp[ibp,- l k ]-exp -iC,(k?+2q-k )-it 2 (k^2k 2 -[q+k 1 ]) 
^ £=1 L 


m-1 ”| 

♦ (k*+2k -[q+ l k ]) > 

TQ ID ID j ^ J 


( 10 . 21 ) 


and the integrals 


+ 00 +OO 


dq 


(♦) 


dbe 


-ibEq 


(♦) 


of (10.20) over produce the factor 



In this way, the exponential terms of (10.21) contain- 




ing q ^ J may be rewritten in terms of the £ kj . 

I 1 

Since q, = 0 already (by the /da integration), 

o o o 1 

and k z + u z = k^,+ y z +k v y k v J , we have 


» 

dq^ dbe 


-ibEq^^ G (m) 


• , v m 1 2 tt , _ 

(-iA) [T - dZ 

\ o 


m-1 

d£ • d 2 k.••• d 2 k • 
ml m 

r\ * 


exp(-ic' 1 [k2+2q>k 1 ]) •••exp(-iC ni [k^+2k m -(q* £ £ £ )])‘ 

£ e l 

j dk (+) ”-i dk W - dk ( " } ”*[dk^* ) *??(-k 1 )'--i'(-k m ) 

^ J 



There is now a lovely cancellation within the last 
group of factors of (10.22): every term of form 

exp[-i£ k£*^k£~^] is removed, leaving only differences 

of the £., in the form 

l 

exp[i J (? -? 

i<j=l J J 

Because the are ordered, each is a 

i ij i j 
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positive number; and there then follows a compact way 
of determining the leading £n s dependence of every 
graph built out of these terms. 

The simplest situation is that of two NVM W-lines 
(labeled q 1 2 ) linked together by m pion lines. 

This is represented by the functional operations join- 

ing G (m) (C;q 1 ;-b 1 P 2 ) with G (m) (n;q 2 ;-b 2 P 2 ); and 

after performing the /da^/da^*Jdb^Jdb^ as above, one 
obtains the quantity 


ml 



6 6 > 

m f •%> 2ra 

-i 

* 

6n c 6tt 1 j 

•(-iX) 

• 


d 4 K^' (-K^)• • • 


d 4 K ir' (-K )• 
m m 


5 X 


d 4 k 7i(-k )• 
m v m 


1 


m-1 


m 


dn 


.xp(l f 

o i<j=l 


(10.23) 


where all dependence upon the transverse k^, K^, q^ 2 

variables has been suppressed. The functional opera¬ 
tions of (10.23)--which avoid self-linkages--produce 
ml topologically distinct graphs, each of which is 
repeated ml times, corresponding to the different 
ways of labelling the pion momenta k £ . Thus the 
1/m! of (10.23) is removed, and one finds just the 
sum of ml distinct Feynman graphs. For clarity, we 
adopt the ’’natural" labeling, in which k £ and 
have the same subscript. The ladder graphs are then 
obtained, for any m, by the associations k £ +-*• 

1 < i < m, together with the appropriate propagators 

arising from the functional differentiation. 




[k 2 «-y 2 -ie] 


-1 


d 4 k [k 2 ^w 2 -ie] 
ra m 


-i 
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Calling uj 2 = k 2 +u 2 , k 2 = k 2 +k 2 the inte 8 rals gener- 
ating the £n s dependence of the ladders are 


+ 00 


I = 
m 


dk 


(♦) 


+ 00 


(♦) 


dk 


(♦) 


+ 00 


m 


(♦) 


- 00 


• 00 


ra 


u? 




+ oo 


dk ( 'hk C 'h 


(l) 


m 


m 


m 


- oo 


.(♦) 

k m 


-ieCk^h ]' 1 


*exp[i ^ C5 i j +r i i pk|’ ) kj +) ]. (10.24) 

while all other (crossed) graphs are given by similar 
terms with permuted k^ \ kj*^ coordinates. It will 
be most useful to consider four simple graphs, 


i:-i i 

-— m - 

\ 

2 

- 0 

i 



2-2 2 

X / 

/ \ 

' \ 

1 

:::: 

2 


"V _ 

—-•-- — 4 


- - - 


__ 




( b ) (c) (d) 


(10.25) 

in brief but sufficient detail to illustrate the gen¬ 
eral pattern. The dots on the internal nucleon lines 
are a reminder that the eikonal limits have already 
been assumed; a more appropriate way of drawing these 
eikonal graphs would be to collapse every nucleon line 
so dotted into a point, as discussed in the next 
tion. 


sec- 


For case (a), the integrals of form (10.24) are 


-f co 


4-00 


f dkM 

dk 2 +) 


k w 

K 2 


4« 




io . 


(♦) 


-ieCkjfhr 1 


• 00 


00 


400 




to: 


dk 2 ' [k 2 • "cd 


-ic(k^"‘ ) )l~ 1 - 


• 00 


exp[iU 12 +n 12 )k^k^ , 


(10.26) 


or 



OD 


(2iri) 


dk 


CD 


OD 


(♦) 


dk 


(♦) 


w 


exp[-i(C 12 +n 12 )u)2k^ ) /k^ ) } 


(10.27) 


The upper and lower limits of the k| 2 integrals 
should really be replaced by 2/s and wj^ 2 /2/s, re¬ 
spectively, forms obtained by assuming that each 

k I ^ /s independently of the other. In this 

3 ] max 

calculation it will also be assumed that the trans¬ 
verse k^ are never large, k£ s y 2 << s, and each 

simply replaced by p 2 . Thus, (10.27) contributes 



(2iri) 


dk. 


V__ 

4s 


1 

dk 9 

t ~~ exp[-i(q 2 ^n 12 )y z -k 2 /k .] 5 
2 

ui 

4s 


(10.28) 
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where a factor 2/s has been scaled out of each 

kj ^ = 2/s" *k^ 2 * As s ®, the leading s-dependence 


of (10.28) arises from that portion of the integrals 
which would be logarithmically divergent, were the low¬ 
er limits allowed to vanish; that is, from small k^ 2 * 

However, the phase factor exp[-i (^ 12 + r ^ 12 )k 2 /k 1 ] will. 


by rapid oscillation, remove any contribution for 
k| -*• 0, k 2 fixed, an effect which occurs because the 


argument of the exponent is always of the same sign, 

^12 > 0, n 12 > 0. More precisely, all £ n. vari¬ 
ables are subject to the continuation ^ + -it^, 
n j ' iT j P er ^ ormed during the final integra¬ 

tions, so that an infinitely rapid phase oscillation 
in (10.28) does actually correspond to a zero. The 
only relevant part of (10.28) is that of the restric¬ 
ted range k^ < k^, in which case the exponential fac¬ 
tor may be neglected, 



1 


(2ui) 2 





(2ni) 2 - 


2 ! 



Frequently, such forms are written as nested integrals 

over the "rapidity” variables y * £n (kJ + Vu). 

In contrast, the crossed graph (b) corresponds to 
the associations k^ «-► -K^, k^ -K^, replacing the 

exponential factor of (10.26) by 

exp[i€ 12 k^k^+in 12 k^"^k^]. 

Integration over k|‘^ then produces a term propor¬ 
tional to * 


Chapter Ten 


190 


OO f+1 

dkj } 


o k. 


00 f 4 -l 

dk 2 l } 


k ^ 

FT exp[ ' i 5 12 u X ^FT + n 12 u 2 


o k 


(10.29) 


which should be compared with (10.27). Again, the 
phase always has the same sign, but there is no log 
divergence at either the upper or lower limit of one 
of the integrals of (10.29); inserting limits, one 
sees that there is here but a single in s factor, in 
contrast to the (£n s) 2 of the two-rung ladder graph. 

Pictorially, one can determine the leading log de¬ 
pendence of any graph by inspecting these phases, which 

depend upon the position of each k£ ^ on both verti¬ 
cal NVM lines; the maximum in s dependence demands 
that neighboring rapidities be ordered. Thus (a) of 
(10.25) can satisfy 1 > 2 on each vertical line, but 
these ordering restrictions clash for (b), which is 
then lower by one factor of In s. For example, the 
leading log dependence of the graphs 



(e) (f) (g) 


may be read off by inspection: r * in 4 s, 

I ... ^ Jcn 2 s, I , . ~ in 2 s. For case (c), one has 
(f) ' (g) 

I ^ in 3 s; detailed calculation immediately gives 

* 

I (c j = I 3 = (27ii) 3 - jy (in s/p 2 ) 3 . 

The integrals defining (d) are obtained by adding 
another vertical NVM line, (8;qji-bp 2 ) * in the 
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manner of (10.22) and (10.23). The phase is now ori¬ 
ginally given by 

exp i[^ 12 k [’' lk 2 +)+n 12 K l' )|( 2 +)+e i2 Q l" :>Q 2 + ^’ 


with the appropriate associations: 


K. 


" k r k 2 


+k 3> *1 


- k 3* Q 2 * ’ k 2- 


Upon performing Jdkj'- 1 fdk^ fdk£~\ one finds 


“ ( + ) - ^C + ) dk (+) 


« dk , 

( 2 " i) 3 w-> J 


dk. 


o kfJ J 


o k 


w 


f 

• exp[-i [ujj 


, k ( + ) „ k 

M2 K 2 _n 12 K 3 

:f3 


(♦) 


(♦) 


+ li lie 


312 k( + ) 
*3 


], (10.30) 


where again the phase is always of the same sign and 
is small when k^ > > k^ , leading to the same 

contribution as 1^. One difference between (10.30) 
and the corresponding calculation of I. . , is that 


MW 4 


(c) 


the coefficient of (k j , in the phase of (10.30), 

can vanish for a fixed ratio k^/k^ and any kj 4 ^; 

however, at least in simple examples, this does not 
appear to effect the leading contribution. One should 
note that the graphs (h) and (d) are equivalent, but 



(i) 






that (i) involves a real crossing of lines, and is 

down by one log. 

From these examples, one may infer simple rules to 
extract the leading log dependence for such scalar 
pion exchange: 

1) Consider only the ladder graphs, such as (a), 

(c), (d) , for which the ordering of k£ ^ labels on 
every vertical line does not clash. 

2) For any ladder graph of m horizontal lines so 
ordered, one has the leading log contribution 

I ^ (2,i) m -V (in s/y 2 ) m , regardless of how the scalar 

m ml 

pions are distributed between the vertical lines. For 
complicated nonplanar graphs, the validity of this last 
statement is not at all obvious; however, it will be 
assumed true in the approximate model of the next sec¬ 
tion. 

There remains the nontrivial task of evaluating that 

(J d£.••*/ d 2 k • • •) dependence multiplying the leading 

logs. This has been accomplished only for the ordinary 
ladder graphs, containing two vertical lines, or for 
their independent s-channel iterates, as in graph (j). 
From the above analysis it is straightforward to show 
that the leading log contribution to (10.17) consisting 
of the ordinary ladder graphs (n * 2) with m horizon¬ 
tal pions is given by 


-4 

- I- (2.) j 


f d 2 q x iqj-b 


q 2 +m 2 


d 2 q. 


iq 2 * b 


q?+m 2 


m! 





and hence the sum of all such terms, including 

becomes 



m 



-2 


» 


(10.31) 
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where 




d 2 Q[Q 2 *m 2 ]" 1 [(Q-q) 2 4m 2 ]“ 1 


_1_ 

4tt 


r 1 

dx[m 2 +x(l-x)q 2 ] 


-1 


o 


That term of (10.31) corresponding to m = 0 is sim¬ 
ply the second s-channel iterate of iyj (given by 

(9.14)), jj- UXj) 2 , and appears in this expression be¬ 
cause the expansion (10.17) includes disconnected 
graphs. It is clear from (10.14) and the previous an¬ 
alysis that iy 2 is given by (10.31) with the m = 0 
contribution removed. 


ix 2 (s;b) = -2 


2 

£1 

2 

4 7T J 

• 


d 2 q 



(10.32) 

which, in the spirit of leading s-dependence, is equiv¬ 
alent to (10.31). These forms have the interpretation 
of simple Regge pole exchange (10.31), and multiple, 
s-channel Regge exchange (10.32), sometimes called the 
Regge-eikonal approximation. 1 For example, the ampli¬ 
tude obtained by the substitution of (10.31) into 
(9.13) is 


T Regge r 2*v 

T . ^ (s;q 2 ) 

Ladder 



(10.33) 


while the i\ 2 of (10.32) leads to an eikonal ampli¬ 
tude of form 


T Regge 

Eik. 



is 


2m 2 


d 2 be^ D [l-exp 


a-1 


as_ 

tn s 


e -cfc 2 /ln s 

4 




(10.34) 
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where 


a = 1 ^a(O), 



» 


2 IT 

c = - , 

A 2 |a'(0)| 

and y, the parameter which sets the scale for large 
s, has been taken as unity. In obtaining (10.34), the 

linear trajectory expansion a(q 2 ) - a(0) ♦ q 2 a*(0; 
has been used, valid for large impact parameters. 

While (10.33) will violate the Froissart bound, (10.34) 
will saturate it; the total cross section obtained from 
(10.34) is the same as that of the tower graph summa¬ 
tions leading to (9.23), since the impact parameter in¬ 
tegrand again cuts off for b ^ £n s. The absorptive 
parts of graphs (a) through (i) correspond to produc¬ 
tion in the multiperipheral manner. In particular, 
the total cross section for pion production may be ob¬ 
tained by summing (9.39) over all n, and making use 
of (10.11); in the leading log approximation this pro¬ 
duces a total inelastic cross section quite similar to 
that obtained in the first paper of Reference 1. 

C. A Limiting Model 

Before one can take the result (10.34) seriously, an 
estimate of all the remaining ix n , n > 3, must be 

made, and even in the context of summing leading logs 
this continues to be an unsolved problem. To indicate 
the types of structure which may appear, it is useful 
to invent a model which encompasses as much of the pre¬ 
vious analysis as possible. It is somewhat simpler tc 
give a complete functional formulation of this model, 
but the less elegant presentation used here will re¬ 
tain continuity with the discussion of the previous 
section. 
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Graph (d) is the simplest, connected, nonplanar con¬ 
tribution to X 3 » with a £n s dependence estimated 

as in (10.30), but having a coefficient more complica¬ 
ted than that of the ordinary ladder graph (c). Where 
the latter had a coefficient proportional to 

[a([q +q 0 ] 2 )) 3 , one might expect the coefficient of 

(d) to be proportional to 


aC[q 1+ q 2 ] 2 )a([v5 3 ] 2 )a([5i^3) 2 ) , 


but this is not the case. A model may be defined 2 by 
forcing this property, and in the following way. After 
all parametric £,n ,6 integrals have been performed, 
integration over the transverse momenta (of the lowest 
rung of the graph) /d 2 k^ yields a factor 

adq^q.+^-k^ 2 ). If the q? are imagined to be 

larger than the k? , this may be replaced by 

aCL^+q-] 2 ); and then the jd 2 k T may be performed to 

yield a([q n +q_-k ] 2 ). Repeating the same approxima- 
^ ^ ^ 

tion, /d 2 k^ then produces a([q^q 2 ) 2 ), and in this 


manner one arrives at the form analogous to that of 
the simpler ladder graphs. 

One might imagine that summing on the other gTaphs 
of this form, 





would generate a simple result; but in fact the contri¬ 
butions of (k) and (£.) are identical to that of (d). 

In this connection, it might be useful to define 
"eikonal graphs," drawn in the form 
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(10.35) 


with labels indicating the contributions to which the 
graphs of (10.35) correspond. Such pictures make the 
"swivel invariance" of eikonal graphs obvious: one 
thinks of each NVM vertical line as a section of a hoop 
which may be rotated around the imaginary veritcal line 
joining the upper and lower dots of an eikonal graph. 
Swivel invariance, which may be demonstrated from the 
analytic forms defining each graph, states that the 
value of any eikonal graph is independent of how the 
hoops are swung about relative to each other. For ex¬ 
ample, (k) and (d) generate equal In s dependence, 



as do eikonal graphs (m) and (n). 

Swivel invariance does not state that the leading 
log contributions of all eikonal graphs with the same 
number of vertical and horizontal lines is the same; 
but the limiting, eikonal graph model of this section 
will assume that property, assigning a factor 

a.. = af[q.+q.] 2 ) whenever the NVM lines labeled by 

q. and q. are joined by a horizontal pion. This 

represents an extreme, or limiting situation, with min 
imum correlation between nonplanar pions. In accor¬ 
dance with the leading log estimate, each graph with 
m horizontal and n vertical lines is assumed to con 
tribute to (10.17) the same 1/m! (In s) dependence, 
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multiplied by 





21 


m 


8tt 


(10.36) 


There remains the question of counting the number 
of ways in which m horizontal lines may be distribu¬ 
ted among n vertical lines (or hoops). For clarity 
and ease of notation, we first consider the case of 
three vertical lines, 1, 2, 3, joined by pion lines 
labeled n^» and n^. It is not difficult to 

see that the total number of ways of ordering 
m = n l2* n 23* n l3 horizontal lines is given by 

( n 12* n l3 +n 23^* / n 12 * n i 3! n 23 * * w hich quantity must mul¬ 
tiply (10.36), and yields 
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(10.37) 


Summing over all n 12 , n 23# n 13 , one obtains 


^(2,r 6 n 
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n=l J 


d 2 q lq •o 
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X 2 r“ " 

. y - I M -i- An 

. 

[w 2 . 

which corresponds to Regge behavior between each pair 
of vertical NVM lines; in this sense, especially, the 
model represents a limiting situation. The corre¬ 
sponding contribution to ix 3 is obtained by subtract- 

ing from (10.38) -y (iXj) 3 + (j-XjHiXj). 

The generalization of (10.38) to n vertical lines 
is simply 


8tt 


12 23 13- 


(10.38) 


2>n 


(ig ) 
n! 


n 

n (2 tt) 
i=i 



X 2 ? - 

-— > a. . 

8 * i<j-l 1J , 


(10.39) 


and there are two ingredients of this expression which 
are worth noting, (a) the (i) n factor which permits 
cancellations between successive, real terms, and (b) 
the s-dependence which grows rapidly with n, suggest¬ 
ing that such cancellations will be important. For 
computational simplicity we now make a sequence of^ap- 
proximations, beginning with the choice that all a — 
be given by the same constant, X 2 /8 tt a(0) = a Q ; and 

then attempt to compute the sum over n 

or of the expression for Oj given by (9.15), with 

exp(ix o ) - l replaced by (10.17), 



- — Re i 


oo 


m 4 


n=2 


_L i g 

'n nl 4 tt 


2 >n 


on(n-i)/2 


(10.40) 


where 1/2 n(n-l) represents the number of pairs or 
vertical lines, and 


*ao 

= i xdx[2K (x)] n . 

n J 0 


(10.41) 





Speculations at High Ener 


199 


For large n, the important contributions to the inte¬ 
grand of (10.41) come from small x, and hence the ap¬ 
proximation K (x) ^ 6 (l-x)in(x-l) yields 





(10.42) 


a J2 

where x = g 2 /4-rr and y = (s/y 2 ) . 

Under the assumptions of this analysis, y > 1, and 
(10.42) can hardly be considered a convergent series. 
One may attempt to give meaning to expressions such as 
these by considering x/y and y < 1, summing over 
all n, and then continuing to large y. Whatever the 
procedure, ingredients (a) and (b) make clear the pos¬ 
sibility of cancellations and consequent deviations 
from (10.31) or (10.32), and hence from (9.23), which 
is the essential lesson to be learned from this model. 
As an example, the series of (10.42) may be represen¬ 
ted in the form 


S(x,y) 


+ O0 

— da e“° 2 F 

- CD 


•“) ■ 


if 



(10.43) 


F (x) = l a U x) n , (10.44) 

2 1 4 


in the sense that an expansion of (10.44) under the 
integral of (10.43) generates the suit. 


S(x,y) = l a^ 
n 




If (10.43) is assumed to be the proper definition of 
this sum for all y, the asymptotic estimate of 
may easily be performed. 1 

The variable change in u = -0 2 ♦ 2aB leads to the 
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alternate representation 


s(x,y) = e " B /4 


t oo 


du 


o u 


372 


exp[- 


fcn u 


26 


]F(xu). (10.45) 


-3/2 

If the integral 4»(x) = J o du»u F(xu) exists, then 

as 6 -*■ ~, 

S(x,y) ^ e‘ 62/4 -v s “° /8 (ln s)' 1/2 - 0, 


providing an example of complete cancellation. This 
property is displayed by the present model, since 

a = +1, -ReF(x) = +x 2 [1+x 2 ]’ 1 , and the limit 6 -*• 00 
may be taken under the integral of (10.45). Of course 
this estimate of o ? must not be taken seriously; it 

is merely indicative of the sort of behavior which can 
occur when the contributions of the remaining x n are 
included. 

Such cancellations may exist for models involving 
less divergent sums than that of (10.40). For example 
in a model in which Regge behavior exists only between 
nearest-neighbor NVM lines, (10.40) would be replaced 
by 
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±zi\ 
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4tt 
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a o (n-l) 


(10.46) 


and is a convergent series, for appropriate if 

the coupling g 2 is sufficiently small to satisfy 
g 2 /4:r • s/u 2 < 1 while s/u 2 > 1. With 


G(x) = 1 £ (ix) 
n=2 


n 


one has 
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with a vast possibility of results as g 2 is increased. 
In statistical language, (10.40) corresponds to a 
strongly interacting system of particles, with forces 
independent of position, such that a thermodynamic lim¬ 
it does not exist, in contrast to the nearest-neighbor 
interactions to which (10.46) corresponds. In view of 
the current experimental efforts at high energies, a 
realistic estimate of such behavior is greatly to be 
desired. 
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A. Ordered Exponentials 

The time-ordered operator (2.1) has the expansion 


a 

T b {j} = 1+i 


t t 

ra -2 

ra 

d 4 xj(x)A(x) ♦ jp 

* 

d 4x l 


d 4 x 2 j(x 1 )j(x 2 )* 


*b *b 


[A(x 1 )A(x 2 )e(t 1 -t 2 )+A(x 2 )A(x 1 )0(t 2 -t 1 ))+ •• 


By symmetry, the term quadratic in the source j(x) 
may be rewritten as 



d 4 x 2 j(x 1 )j( x 2 )A(x 1 )A(x 2 ), 


t. 

D 



and in exactly the same way, that term with n factors 
of j may be rewritten so as to remove the 1/n! a- 
rising from the expansion of the exponential, but with 
the limits of n-1 integrals arranged in a time- 
ordered manner. 

A simpler, but useful example of this equivalence 
follows from the solution to the elementary differen¬ 
tial equation. 


dr 

dc. 


G(OFU), 


under the simplest boundary condition, F(0) = i. The 
solution is an ordinary exponential only if 
[G(C 1 ).GU 2 )] = 0- If G(e) is 311 arbitrary operator, 

such that this commutator does not vanish, the solu¬ 
tion is an ordered exponential, 


F(C) 



! d5'G(5')) + , 
j 0 


with the ordering symbol referring to the dummy 
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variables, so that the G(£') of largest stand 

to the left, in any expansion of the exponential. 

That this is indeed the proper solution may be veri¬ 
fied by differentiation. One differentiates an ordered 
quantity in the usual way, "bringing down" the result 
of differentiation and placing the latter anywhere in¬ 
side the ordered bracket, since it is the ordering sym¬ 
bol which states precisely how the terms are to be 
arranged upon subsequent expansion. One may therefore 
write 


f* 


dT ( exp I d « #G « , 3)^ 


(C (0 [exp 


rZ 

dS'GU')]] + 
o 


([exp 


r£ 

<U'G(?')]G(0) 


; o 


♦ • 


Upon expansion of the exponent, however, every < 5 , 
and hence the G(£) factor must always be placed on 
the extreme LHS, and is equivalent to 


r 

G(e) (exp | de'G(€')) + . 

* 


The alternate expression is most simply obtained by 
combining differential equation and boundary condition 
into an integral equation. 


F(0 = 1 * 


dC'GU’)F(^) 


' 0 


Iteration produces the sequence of terms with ordered 
limits of integration. 


[Z 

F(£) = l*j dC'G(C') 

J o 


dZ 


J o 



I d^GCCJGK,)♦ 

J 0 


• • 9 


w 


demonstrating the equivalence of this form to the ex- 
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pansion of the ordered exponential. 

Just as the solution to this ordinary differential 
equation is not simply an ordinary exponential, so the 
derivative of an exponential is not simply given by 
the product of derivative times function, 

exp H(0 t ^ ex P H(0- 

The proper definition may be obtained by introducing 
the quantity 

Q(a) = exp[-XH]-exp[X(H+5H)], Q(0) = 1, 

and calculating its derivative with respect to X, 

= exp[-XH] • 6H*exp[+XH] *Q(X). 

Q A 

Hence, to first order in 6H, 

fX 

Q (a ) V/ l + ( dx* exp [-X * H]6H exp[X'H], 

J o 

and a comparison with the definition of Q(l) yields 
—-r- exp H(0 = j dX exp[(l-X)H(e)]-g| *exp AH(5) 

r i 

= dX exp[AH(5)] • exp[(l-A)H(0] . 

o 

which reduces to the familiar form only if 
[H, dH/d5] = 0. If H = !l de'G(e'). then 

rl 

exp ; d5'G(5') = I dX exp[(l-X)_ 
dC j c t o 'o 


d5'G]-G(5)* 
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and therefore 



» 



I d$'G(5')) = G(£) (exp 

' 0 


dC'G(C)) + 


' o 


» 


as stated above. 


B. Functional Derivative 

A definition of functional differentiation is given by 
I j^yF{j(u)}= liir. | [F{j(u) + cS\x-u)}-F{j(u)}] ( 


where F{j(u)} denotes an arbitrary functional of j, 
with coordinate u--which is integrated over in some ar 
bitrarily complicated way in the definition of F{j} -- 
written explicitly. An elementary example is 


<5j (x 


— exp d M z f(z)j(z) = f(x)•exp 


d 4 z f(i)j(z) 


C. Inconsistency of the Strong-Asymptotic Condition 
Consider the commutator built out of the A^, fields, 

A(x-y) = -i<0| [A in ,(x) .A in Cy) ] |0>, 

and the commutator built out of the dresseo ; fully in¬ 
teracting fields A(x), 

A'(x-y) = -i<0|[A(x),A(y)]|o>. 

Were the strong, or operator asymptotic condition valid 
A(x) - Zj /2 A ;n (x) , x q - 
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one could let both x and y recede to -® keeping 
their difference fixed, and obtain A*(x-y) = Z^A(x-y), 

a relation which has as its consequence (compare (5.21)) 
the absence of all interaction. 

D. The Baker-Hausdorf Formula 

This most useful relation states that if A and B 
are operators, but their commutator [A,B] is a c-num¬ 
ber, then 

exp[A+B] = exp A* exp B* exp (- j [A,B]), 
or equivalently, 

exp A • exp B = exp B • exp A • exp[A,B]. 

The derivation proceeds as in Appendix A, by defining 
an operator 

F(A) = exp[-AA] • exp [ A (A+B) ], 

and calculating its differential equation, 

F' (A) = exp[-AA] • B • exp[AA] • F(A). 

Because the commutator [A,B] is assumed to commute 
with A, the expansion of the RHS factor multiplying 

- AA A A 

F (A) has but two terms, e Be = B-A[A,B]. Fur¬ 
ther, because [B,[A,B]j = 0, F’(A) may be integrated 
directly to give 

F(U *> exp[AB - y- [A,B]], 

which, upon setting A = 1, produces the desired for¬ 
mulae. Expanding to terms linear in A yields 

[A,e B ] = [A,B]e B , 

which has been used in (2.22) and (3.14). 
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E. Absence of a Lower Bound 

Let tt(x) = 3 Q A(x) be the momentum operator conjugate 

to the field A(x), and define the time-dependent uni¬ 
tary operator 


U(t) = exp[i 


d 3 x x(x,t)*(x,t)], 


where y( x ) denotes an arbitrary but definite c-number 
function. The time-independent Hamiltonian of this 
problem is H = H q + H^, where 

H q = j j d s x ( (VA) 2 +■ y 2 A 2 ♦ ti 2 ) 


and H. = g/n! Jd 3 xA r . Under this unitary tran^forma- 
^ t 

tion, A -*• A' = UAU = A(x) ♦ x(*)> a result following 
from the ETCR. The new interaction Hamiltonian is 


H | = jd 3 x[A* x ] n . 

with a similar form for H . For odd n > 3, the 

choice x -® generates an increasingly negative con¬ 
tribution to H^, and therefore to H', since H^ is 

not so effected. Thus the eigenstates of this theory 
may be expected to have no lower bound. The original 
argument is due to G. Baym, Phys. Rev. 117 , 886 (1960). 


F. The Gaussian Combinatoric 

This derivation follows that given by C. Sommerfiela, 
Ann. of Phys. 26, 1 (1963). It appears in this form 
in the unpublished lecture notes of B. Zumino (New 
York University, 1958). An alternate version was given 
by J. Schwinger, Stanford Summer Lectures (1956). 

Define 
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and adopt the ansatz 


F(A) = exp M(A), 

M (a) = | + L(i), 

0 

with x(x,y|X) and L[A) independent of j (x). Sub¬ 
stituting into the differential equation 


F' (A) 


1 f _L a — 

2 J 6j 6j 


* F (A) , 


and equating coefficients of j, leads to the pair of 
relations 


dx(u,v [ X) _ = j dx dvx (u,x|X)A(x,y)x(y> v P) > 
dX J J 

or dx/dX = xAx, and dL/dX = jTr[A x ]. With the ob- 

vious boundary conditions, L(0) =0, 

X (u, v 1 0) = B (u ,v), there follow the solutions 

x(X) = B[1-XAB] _1 = [1-XBA] _1 B, 


and 


L(A) 



£n[1-AAB] 


9 


which yield (3.56). 

G. A Matrix Relation 

The relation exp[Tr £nM] = det M may be derived for 
a finite, hermitian matrix M by writing M = 1 +x 

and assuming that x' s S xS is diagonal. Then 

det (1 + x) det(l+S x 'S + ) * det(l+x') " n(i+xP, 

i 



where x|- = B y inspection, this is the same as 


exp[Tr tn(l+ x )] = exp[Tr £n(l*x’)], 


since 


Tr £n(l+ x ') = Tr £ 

n=l 


n-1 


n-1 


(X f ) 


n=l 


l (xl) n 


= l ln(l + x p. 


Application to Chapter 4 involves the quantity 

f 1 -l 

y Tr xnF = y di Tr(F[l + XF] ). 

; o 

Following the derivation of Appendix F, the Trace oper¬ 
ation is to be taken over all coordinates, continuous 
and discrete, so that this quantity becomes 




j ! <^;dx l <x|F[l + XF]' 1 !x> aa , 
J o ; a 


where £ denotes the isotopic indices. With 
<x|F1y> b = « 4 (x.y)F(i(x)) b . one obtains 


j 6“(0) [d“x[ dX £[F(x) [l+XF(x)]**) aa 
J J o a 


» 

= 4 <^(0) d H x tr [tnF(x) ], 

4 J 

where the trace operation now represents a sum over 
isotopic coordinates only. Using the general relation 
of this appendix, one obtains the stated result. 
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j 5 4 (0)jd 4 x £n[det F(x)]. 


H. A Reciprocity Relation 

Let F{A} be given by any sum of polynomials, most 
simply represented by exp[/fA], with f(z) arbitrary 
and susceptible to functional differentiation. Then 
it immediately follows that 



ex p [7 




if 



•exp[- 


1 

2 


6 

6A 


W F{A} ’ 


I. A Linkage Relation 

Represent GjA] and G n [A] by arbitrary sums of 

polynomials, in terms of two functions fj(z), fjj( z )* 

each of which is susceptible to functional differentia¬ 
tion. Then, 


, i 6 
exp[- - | -ft 


a c 6 A ]exp 


i f i* f 


II 


]A 



(f i +f n )A c (f i 4 f n )] - 


The cross terms of the second RHS factor correspond to 
linkages between G^ and immediately ob¬ 
tains (3.67). The general statement, for many factors 
G.[AJ, may be derived in the same way. 


r 1 
exp L - T 


-L A -A-l 

6A c 6A J 


n 

n 

i=l 


GJA] = 


J 
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n 


* exp[-i l 
i>j = l 


6A. 

1 


6A. 
J 


■] 


n 

• n (exp[ 
i = 1 




A ~] *G. [A. ]) 
c 6A. J i l 


A. =A* 
l 


J . A Gauge Formula 

Again, let Gp[A] be represented by exp/f^A^, with 

f^(z) susceptible to functional differentiation, 

thereby producing the expansions of Gp[A]. Then, with 
one integration-by-parts, 

6ifei G F [A+3A] “ 6 TtitV a+3a :i- 

for arbitrary A(z). But, by construction, Gp[A+8A] 
is independent of A; and hence 



6 

6A (z) 


G f [A] 



as stated. 


K. Gaussian Functional Integral 

The art of evaluating integrals without integration is 
displayed perhaps most elegantly for Gaussians, such 

as 


Q ± [j;B) 


d [ x ] exp [ i 


jx ♦ 


1 

2 


X*B*x]* 


By inspection, 


**PI±t\ A ^-]Q ± [j;B] * Q ± [j;B.A] 


(Kl) 
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-1 


j*B *j]. 


Choose the ansatz Q ± [j;B] = N ± [B]exp[± y 

and substitute into (Kl). From the result of Appen¬ 
dix F, one sees that the j-dependence on both sides of 
the resulting equation is the same, and that 


4 Tr £nB \ Tr in[A+B] 

N + [B]e" = N ± [A+B]e • ( K2 ) 

Since (K2) is independent of A, it is also independent 
of B, and is therefore a constant, C ± , from which 
follows (4.14). 

L. Th e Connectedness Lemma 

The statement (6.2) may be demonstrated by the follow¬ 
ing construction based upon the simplest self-interac¬ 
tion of a boson field, although both method and result 
are more generally valid. For the interaction 
Lagrangian L 1 = - g/nl A n one has 
* 

exp [- j | j -£ c *j] -NZ{j) 

= ex P^- I j IK a c JK ] ' ex? L[A] H S[A]> 

where A = /a^ , and L[A] = - i/nl g/A n . For any 

L[A], the RHS S[A] is given by the exponential of 
connected quantities, where "connected" means linked 
by at least one virtual A c propagator. 

One defines the connected quantities 


QvM 


r f i 
= [exp I- y 

N 

= exp[-i l 

i>j ' 


± A ± 

6 A c 6A 


l n [a]] 




conr. 


6 A. c 6A 
i 1 


A. =A 


conn 
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where 


Q : [A] = exp[- | 




Then, 


OD 


N=0 


s = l jk exp [- ^ 


±_ a 4 i. N r»i 
«A «A^ L M 


00 l N 

= l NT exp t-i [ 


N=0 


1 >J 


6 A. 

1 


_ 6 _ 

6A 


J 




w 


A. =A 
1 


In any array of N such Qj factors, one factor-pairs 
m all possible ways, grouping ^ Q jS singly, 2m Q s 
in pairs to form m 2 terms Q 2 , 3m 3 QjS to form 
m 3 Q 3 s, etc. The number of ways of dividing up N 
such factors is N! ! (2m.,) I (3m 3 ) I . • . (nm n ) ! ] while 
the number of Q 2 pairs made is (2m.,) !/ m | (21 ) m 2 , the 
number of Q 3 s formed is (3m 3 ) l/^l (31 ) m 3, e tc. 

term 6 is he C ° ntribution t0 the sum made by the Nth 


i\! 


X 


M ! (2m^) I • • • (nm^) I ] 


x 


X 


(2m 2 )I 

-- X 

m l C21 ) m 2 


• • • 


Cnm )! 

- 2 — * Q ? 1 

m n 1 (n I) 




Since the sum of N runs from 0 to » w j th 
~ m 1 + 2m 2 ♦ 3m 3 ♦ ... ♦ nm n , one may sum on 
each m. separately to obtain 



s = exp[Q 1 * Jf Q 2 + 31 Q 3 
which proves the assertion. 


